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ABSTRACT 

The n-Hosoya polynomial of a connected graph G of order t is defined by: 
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, Where, k)(G, Cn  is the number of pairs (v,S), in which 

1 nS , tn 3 , )(GVv , )(GVS  , such that k  S)(v, dn  , for each 

)(0 Gdiamk nn   . 

In this paper, we find the n-Hosoya polynomial of the square of a path and of the 

square of a cycle. Also, the n-diameter and n-Wiener index of each of the two graphs 

are determined. 

Keyword: n-diameter, n-Hosoya polynomial, n-Wiener index, path square and cycle 

square. 
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 الملخص

k علررأ ها:ررا  tمررا الرت ررة  Gلبيررام مد ررل  n-تعرررم مدعررحدة  ررحود  وسررويا
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v ()G(Vv )كرل مه:را المسرااة ال ربرن اريا الرره  لوالدر    (v,S)  مثرل عرحد اواوا ي k)(G, Cn ير  هم 
S (VS،1nSوالمجموعة      )k( هي هم ،k  S)(v, dn  ،)لكل tn3  

G(diamk0(و nn  . 
-وكذلك ترم تححدرح الر رر ،لكل ما مربع الحرب ومربع الحارة -n ا   ذا ال ح  تم إيجاد مدعحدة  حود  وسويا

n  ويهرودليل-n .لكل مه:ما 

 ،مربع الحرب ، مربع الحارة. n -، دليل ويهر n -، مدعحدات  حود  وسويا n –الر ر : الكلمات المفتاحية
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1. Introduction: 

The n-distance [1] in a connected graph )E,V(G   of order t is the minimum 

distance from a singleton , Vv  to an (n-1)-subset S , VS  , tn3  ,  that is , 

S} u   :u){d(v,min   S)(v, dn  , tn3  . 

It is clear that 

S   when  v;  0  S)(v, dn  , 

S   when   v;  1 S)(v, dn  . 

The n-Wiener index of a connected graph )E,V(G   is the sum of the minimum 

distances of all pairs (v,S) in the graph G , that is: 








VS,Vv
1nS),S,v(

nn )S,v(d (G)W  , tn3  . 

The n-diameter of G is defined by: 

)}G(VS,1nS,)G(Vv:)S,v(dmax{Gdiam nn  . 

Now, let k)(G, Cn  be the number of pairs (v,S) , 1nS  , tn3  , Vv ,

VS , such that k  S)(v, dn  , for each )G(diamk0 nn   , then the n-Hosoya 

polynomial of G is defined by: 
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We can obtain the n-Wiener index of G from the n-Hosoya polynomial of G as 

follows: 

)k,G(Ck)x;G(H
dx

d
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For a vertex v of a connected graph G, let k)G,(v, Cn  be the number of (n-1)-subsets S 

of vertices of G such that k  S)(v, dn  , for 3n   , nk0  .  The n-Hosoya 

polynomial of the vertex v, denoted by )x;G,v(Hn , is defined as: 

k

0k

nn x)k,G,v(C)x;G,v(H 


 . 

It is clear that for all 0k  , 

)k,G(C)k,G,v(C n

)G(Vv

n 


, 

and  

)x;G(H)x;G,v(H n

)G(Vv

n 


. 

For more information about these concepts, see the References [1, 2, 5, 6]. 

 

The next lemma will be used in proving our results. 

Lemma 1.1:[1] Let v be any vertex of a connected graph G. If there are r  vertices of 

distance 1k   from v , and there are s  vertices of distance more than k  from v , then, 

for 3n  , 
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Definition 1.2: Let G be a connected non-trivial graph . The square 2G  of the graph G

, introduced by Harary and Ross [7], has )G(V)G(V 2   with v,u  adjacent in 2G , 

whenever 2)v,u(d1 G  . 

Notice that the square of complete graph, star graph, wheel graph, complete bipartite 

graph are complete graphs. 

 

In [1,2,3,4] , the n-Hosoya polynomials for many special graphs and many 

compound graphs are obtained . In this paper , we continue such works by obtaining the 

n-Hosoya polynomials of the square of paths and cycles. 

2. The n-Hosoya Polynomial of the Square of a Path: 

In this section , we obtained the n-Hosoya polynomial of the square 
2
tP of a path 

tP  of order t . We shall consider two main cases of 
2
tP  according to the parity of t.  

First Case : Even t , r2t  , 2r  . 

Let t321t u,...,u,u,u:P , then 
2
tP is shown in Fig.2.1, and by relabeling its vertices, we 

have Fig. 2.2 for 2

r2P . 

 

 

 

 

 

 

Fig. (2.1). The Path Square
2
tP  

 
 

 

 

 

 

Fig. (2.2). The Path Square 2
r2P  

Second Case : If t is odd , then there exists an integer r such that 1r2t  . The graph 
2
tP is shown in Fig.2-3. 

 
 
 
 

Fig. (2.3). The Path Square 2
1r2P  . 

 

  

 

  

 

  

    

   

 

 
  

 

 

 

 

  

     

 

 

  

 

 

 
 

 

 

 

 

  

 

 

   

 

 

  

 

 

 
 

 

 



 Ahmed M. Ali 
 

 

 16 

Theorem 2.1: For 5t   and 2n   , let 
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Proof: 

(1). Let t be even , then r2t  .  

From Fig.2.2 , we notice that r)v,v(d)P(diam 1r1

2

r2   , then )S,v(d)P(diam 1n
2
r2n   , 

2n  , where S  consists of the first 1n   vertices from the sequence 

}v,v;...;v,v;v,v;v,v;v{ r224r2r3r1r2rr1r  . 

Thus , if n  is even , then  

}v{S 1r  , 2n  , 

}v,v;...;v,v;v,v;v,v,v{S
2

n
r

2

n
2r

4r2r3r1r2rr1r


  , r2,...,8,6,4n   . 

So , 
2

n
1r)S,v(d 1n   . 

If n  is odd , then  
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r2n  , for all 2n   . 

(2). Let t be odd , then 1r2t  .  

From Fig.2.3 , we notice that r)v,v(d)P(diam 1r1

2

1r2   ,( or )v,v(d 2r1  , or 

)v,v(d 1r1r2  ), then )S,v(d)P(diam 1n

2

1r2n   , 1nS  , 2n  , where S  consists of the 

first 1n   vertices from the sequence }v,v;...;v,v;v,v;v,v{ 1r224r1r3rr2r1r 
. 

Thus , if n  is odd , then , 
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Remark : Throughout this work , we assume that 0
b

a





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


 , if ba  . 

Theorem 2.2: For any 3n  ,  the n-Hosoya polynomial of 2
tP , 6t  , is given by: 
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Proof: It is clear that 
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From Fig.2.2, we notice that in 2
tP , there are two vertices of degree 2, two vertices 

of degree 3, and 4t   vertices of degree 4. Thus, using formula (1.4.5) in [1], we obtain 

(2.2.2). 

For each vertex w and given k , let  

}k)v,w(d:Vv{)k,w(S1  , 

}k)v,w(d:Vv{)k,w(S2  . 

First , we shall prove (2.2.3) and (2.2.4) for even t, assuming r2t  , 4r  . It is clear, 

from Fig. 2.2, that for 3n  , 

)k,P,v(C)k,P,v(C 2

trin

2

tin  ,                       …(2.2.5) 

for r,...,2,1i  . Therefore, for nk2  ,  


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2
r2n )k,P,v(C2)k,P(C .                       …(2.2.6) 

Now , let 





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

2
k2 n  , in which n  is determined by Theorem 2.1, that is  











2

n
1rn . 

Since, 3n  , then 1rn  , for 4r  .  
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But, in proving (2.2.3), we assume that 4n  . 

According to the given value of k, we partition }v,...,v,v{ r21  into the following four 

cases: 

 

(1). For k,...,2,1i  , we notice, from Fig. 2.2, that:  

}v,v{)k,v(S ki2r2kii1  ,  

}v,...,v,v,v,...,v,v{)P(V)k,v(S r2ki3r2ki2r2ki21

2

r2i2  . 

Thus, 

2)k,v(S i1   , i2k21t)k,v(S i2  . 

So, by Lemma 1.1, we have , for k,...,2,1i  , 
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tin .                        …(c1) 

 

(2). For 1k,...,2,1i  , we obtain, from Fig. 2.2,  

}v,v{)k,v(S ikr1ikri1r1   ,  

}v,...,v,v,...,v,v{)P(V)k,v(S ikr1rr2ikr1ikr

2

ti1r2   .  

Thus, 

2)k,v(S i1r1   , i2k2t)k,v(S i1r2  . 
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(3). For 1krv  , we have  

}v,,v,v{)k,v(S k21rrk21r1kr1   ,  

}v,...,v,v,...,v,v{)P(V)k,v(S k2r1rr2k2r1k2r

2

t1kr2   . 

Thus, 

3)k,v(S 1kr1   , k4t)k,v(S 1kr2   . 

So , using Lemma 1.1 , we get , 
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(4). For kr,...,2k,1ki  , 

}v,v,v,v{)k,v(S 2ikr21ikr2kikii1  , 

}v,...,v,v,v,...,v,v{)P(V)k,v(S 1ikr23ikr22ikr2ki1kiki

2

ti2  . 

Thus, 

4)k,v(S i1   , 1k4t)k,v(S i2  . 

Therefore, using Lemma 1.1, we get , for kr,...,2k,1ki  , 
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Thus, from (2.2.6) and summing up the formulas (c1)-(c4) we get for 
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k2 n , 
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)k2r(

1n

k4t

1n

3k4t
.  

 












































































1n

2k4t

1n

k2t

1n

1k4t

1n

1k2t
2  

                
































































1n

1k4t

1n

3k4t
)k2r(

1n

k4t

1n

3k4t
. 

















































1n

3k4t
)2k4t(

1n

1k2t

1n

k2t
2  

               
























 

 1n

1k4t
)k4t(

1n

jk4t
2

2

0j

. 

Now, we give the proof of (2.2.4) for n
n k1

2









. Here, we have two cases: 

(a). For kr,...,2,1i   , 

}v,v{)k,v(S ki2r2kii1   ,  

}v,...,v,v,v,...,v,v{)P(V)k,v(S r2ki3r2ki2r2ki21

2

ti2  . 

Thus, 

2)k,v(S i1   , i2k21t)k,v(S i2  . 

So, by Lemma 1.1, we have, for kr,...,2,1i  , 




























1n

1i2k2t

1n

3i2k2t
)k,P,v(C 2

tin .                        …(d1) 

(b). For i1rv   , kr,...,2,1i   , we have 

}v,v{)k,v(S ikr1ikri1r1   ,  

}v,...,v,v,...,v,v{)P(V)k,v(S ikr1rr2ikr1ikr

2

ti1r2   . 

Thus, 

2)k,v(S i1r1   , i2k2t)k,v(S i1r2  . 

So, by Lemma 1.1, we have , for kr,...,2,1i  , 




























1n

i2k2t

1n

2i2k2t
)k,P,v(C 2

ti1rn .                        …(d2) 

Therefore, using (2.2.6) and summing up (d1) and (d2), we get for n
n k1

2









, 

 



 Ahmed M. Ali 
 

 

 20 








































 





kr

1i

2

tn
1n

1i2k2t

1n

3i2k2t
2)k,P(C  

 

                












































kr

1i 1n

i2k2t

1n

2i2k2t
 

 

















































































1n

r2t

1n

k2t

1n

1r2t

1n

1k2t
2  

 




































1n

k2t

1n

1k2t
2 , because 3n  . 

Second, the proofs of (2.2.3) and (2.2.4) for odd t, 1r2t  , 3r  , are similar to the 

proofs of (2.2.3) and (2.2.4) for even t. 

Hence, the proof of the Theorem is completed.  # 

Corollary 2.3: The n-Wiener index of 
2
tP is given by: 



































































n

2k

2

tn

2

tn )k,P(kC
1n

5t
)4t(

1n

4t

1n

3t
2

1n

1t
t)P(W  ,  

in which 

















































1n

3k4t
)2m4t(

1n

1k2t

1n

k2t
2)k,P(C 2

tn                          

                
























 

 1n

1k4t
)k4t(

1n

ik4t
2

2

0i

, 









2
k2 n ,  




































1n

1k2t

1n

k2t
2)k,P(C 2

tn   , n
n k1

2









 .  # 

 

3. The n-Hosoya Polynomial of the Square of a Cycle : 

There are many classes of connected graphs G  in which for each k, nk1  , 

k)G,(v, Cn  is the same for every vertex )G(Vv ; such graphs are called [2] vertex-n-

distance regular graphs, and for the given value of n , tn2  ,  

)x;G,v(Ht)x;G(H nn  , where v is any vertex of G  and t is the order of G .  

The graph  
2
tC  is the square of a cycle of order t, shown in Fig. 3.1. We shall find the n-

diameter, n-Hosoya polynomial, and n-Wiener index of 
2
tC . 
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Fig. (3.1) The Cycle Square 
2

tC ,  6t  . 

Lemma 3.1: 






 


4

nt
1)C(diam n

2

tn , 2n   , 6t  . 

Proof: Let 









4

t
m  , then 3,2,1,0r,rm4t  .  

For 2r  ,
2
tC  is redrawn in  Fig. 3.2. 

Since, 
2
tC is vertex n-distance regular graph , then )v(e)C(diam 1n

2

tn  . 

To find the n-eccentricity of 1v , we partition }v{)C(V 1

2

t   into 1m21 S,...,S,S  , where  

}v,v,v,v{S 1tt321  , 

}v,v,v,v{S 3t2t542  , 

}v,v,v,v{S 5t4t763  , 

. 

. 

. 

}v,v,v,v{S 1j2t)1j(2t1j2j2j  , 

. 

. 

. 

}v,v,v,v{S 1m2t2m2t1m2m2m  , 

})v{S()C(VS 1j

m

1j

2

t1m 


   . 
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Fig. (3.2). The Cycle Square
2
tC , 2m4t   , 1m  . 

 

It is clear that each vertex of jS  , mj1  , is of (standard) distance j  from 1v ; 

and each of the other vertices (if exists) of 
2
tC  (here in Fig. 3.2,  we have 

1m2m2
1

2

t S}v{}v{ 


 ) is of the distance 1m   from 1v . Notice that if 1m4t  , 

then 1mS   is empty , and if m4t   then, 1mS   is empty and mS  consists of  three 

elements; if 2m4t  , 3m4t  , then 1mS   consists of  one, respectively  two, 

elements. 

Let k be the greatest positive integer such that the set 
1m

ki

iS




 consists of at least (n-1) 

vertices. Therefore, since 4Si  . 

t)1n(1)1k(4  , 

  

4ntk4  , 

 

1
4

nt
k 


 . 

Therefore, 






 


4

nt
1k)C(diam 2

tn , ( k  is positive integer).  # 

Theorem 3.2: For any 3n  , the n-Hosoya polynomial of 2

tC , 6t   is given by: 

n

n

x),C(Cx
1n

1k4t

1n

3k4t
t

2n

1t
t)x;C(H n

2

tn

1

1k

k2

tn




















































  ,  

Where , ),C(C n

2

tn   is determined in Remark 3.3, and n  is determined by Lemma 3.1. 

Proof: Let S be a set of (n-1) vertices of )C(V 2

t  such that Sv1 , )C(Vv 2

t1   and 

k)S,v(d 1n   , 1k2 n  . Hence , S  does not contain  any vertex from 

}v,...,v,v,v,v,v,...,v{ 1k2321t1t3k2t  , (see Fig. 3.1) , but S must contain , at least , 
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one vertex of }v,v,v,v{ 1k2t2k2t1k2k2  . Then, the number of vertices in
2
tC of 

distance more than k  from 
1v  is )1k4t(   and there are four vertices in

2
tC of 

distance k  from 
1v . Hence, by Lemma 1.1,  




























1n

1k4t

1n

3k4t
)k,C,v(C 2

t1n , for 1k2 n  . 

Moreover, it is clear that 

 


























1n

5t

1n

1t
)1,C,v(C 2

t1n . 

Since )k,C,v(C)k,C,v(C 2

tin

2

t1n   , ti2  , then  




































1n

1k4t

1n

3k4t
t)k,C(C 2

tn , for 1k1 n  .    # 

Remark 3.3: From Fig. 3-2 , we can easily obtain ),C(C n

2

tn  , for 3n  . 

 

1. If 3m4t  , then, 














































.4n;

1n

14t

1n

34t
t

3n;t

),C(C nnn

2

tn  

2. If 1m4,2m4t  , then, 

3n;
1n

14t

1n

34t
t),C(C

nn

n

2

tn 
































  . 

3. If m4t  , then, 



























































.5n;
1n

14t

1n

34t
t

4,3n;
1n

3
t

),C(C
nn

n

2

tn  

 

Corollary 3.4: The n-Wiener index of 2

tC is given by: 







n

1k

2

tn

2

tn )k,C(Ck)C(W , where )k,C(C 2

tn  , nk1   is given in Theorem 3.2 and 

Remark 3.3 .   # 
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