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ABSTRACT

Anon-linear parabolic system is derived to describe
incompressible nuclear waste disposal contamination in porous
media. Galerkin method is applied for the pressure equation. For
the concentration, a kind of partial upwind finite element scheme
is constructed. The finite element solution satisfies discrete
maximum principle and converges to the solution in norm
L*(0,T, *(2)).
Keywords: Galerkin method; A kind of partial upwind finite element scheme;
Non-linear parabolic system
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1.Introduction

The proposed disposal of high-level nuclear waste in
underground repositories is an important environmental topic for
many countries. Decisions on the feasibility and safety of the
various sites and disposal methods will be based, in part, on
numerical models for describing the flow of contaminated brines
and groundwater through porous or fractured media under severe
thermal regimes caused by the radioactive contaminants.
A fully discrete formulation is given in some detail to present key
ideas that are essential in code development. The non-linear
couplings between the unknowns are important in modeling the
correct physics properties of flow.

In this model, we obtain a convection-diffusion equations
which represent a mathematical model for a case of diffusion
phenomena in  which underlying flow is present;
Aw and bVwecorrespond to the transport of w through the

diffusion process and the convection effects, respectively, where
V and A denoted respectively the gradient operater and the

Laplacian operator in the spatial coordinates.

In this paper we will consider the fluid flow in porous
media using a Galerkin method for the pressure equation and a
kind of partial upwind finite element scheme is constructed for
the convection dominated saturation (or concentration). For more
details of this subject see Douglas, 2002; Douglas, 2001 and
Huang, 2000.

2.Model Equations

The model for incompressible flow and transport of
contaminated brine in porous media can be described by a
differential system that can be put into the following form, (see
Douglas, 2002).
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Fluid:
(@ V.u=-q+R,
(b) u= —@VP =-a(c)VP (1)
u(c)

Brine:

ocC
¢E+U.VC—V.(ECVC) =g(c) (2)

Heat:

oT
dza+cpu.VT—V.(EHVT):Q(U,T,C, P) 3
Radionuclide :
oK, % +u.ve, - V.(E . Vc,) = f,(c,c,,.....C,) (4)

With the boundary conditions

(@) un=0 on T
(b) (E,Vc—-cu)n=0 on r
(c) (E,vc, —cu).n=0 on r (5)
(d) (E,VT —-c,Tu)n=0on T
(e) @:o ;. (x,t)eI'x(0,T]
on
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And the initial conditions

(@) p(x0)=p,(x) ; xeQ

(b) c(x,0)=c,(x) ; xeQ

(©) c;(x0)=cu(x) ; xeQ (6)
(d) T(x,0)=T, ;o XeQ

Where n is the unit outer normal to I,
xeQcR?te(0,T] , u is the Darcy velocity, P the pressure,
¢, =¢c,,,q=0q(x,t)is a production term,

R, =R (c)=[c, &K, f. /(L+c,)](L—c)is a salt dissolution term,
k(x) is the permeability of the rock, and x(c) is the viscosity of

the fluid, is dependent upon ¢ , the concentration of the brine in
the fluid , T is the temperature of the fluid,

d,=¢C,+{1-4)p:Cp,

~

E, =Dc,, +K.I,K. =k, /p,,D=(D,)
= (o, u| 8, + (@, —a;)uu, u)),
and
Q. T,c,p)=—[VU, ¢, VT Ju+[U, +¢,(T -T)) + (p/ p)I[-q+ R I}

_qL _qH _qH'
E.=D+D,l,and g(c) =-c{[c.&K,f, /(L+c)I1-C)}-q, +R,

c, is the trace concentration of the i-th radionuclide , and
f.(c,c,c,,..c,)=c{q-[c.oK f /1+c)l1-c)}-qc —q, +q,

+3k2,K g, = 2K g,

The reservoir Qwill be taken to be of unit thickness and
will be identified with a bounded domain in R?*. We shall omit
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gravitational terms for simplicity of exposition, no significant
mathematical questions arises the lower order terms are included.
We define

L,(Q) ={v|vis definedonQand j v2dx < oo}
Q

H' (Q)={ve LZ(Q)Z%E L(Q),i =1,......n}.

and introduce the corresponding scalar products and norms

(v, W) = va dx, ||v||LZ(Q) = (J.v2 dx)''?,
Q Q

(v, W), . :I[VW+VV.VW] dx, |V

We also define Hi(Q)={veH Q):v=0on I'{where T is the
boundary of Q and we equip H; () with the same scalar product
and norm as H'(Q).

H(Q)

= (J-[v2 +|Vv|2] dx)''?,

H2(Q)={ve LZ(Q):?,Z—ZZ e L(Q),i=1....,n}.

With norm ||v||H2(Q) = (J.[v2 +|Vv|2 +|Av|2]dx)“2,
Q

Let W) (Q) be the Sobolev space on Q with norm

S

o°v /s
M, (X2 y
‘a‘ék L5 (Q)
with the wusual modification for s = oo.When s=2, let

v

e = M =V

(see Johnson ,1987).

We assume that

(Al)

a(c), R, (c), g(c), f(c,c,,...., ¢ ), QU,TC, p) € Co(R)
#(x),K;,d, e H'(©),qe L" (0, T; H' (X))
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0<c, <a(c),R,(c),g(c),4(x), f.,d,Q<c, ,Vc,c eRxeQ
D,>0,02a>0

(A2) The solutions of the problem (1-6) are regular:
c(x,t) e L*(0,T; H*(Q)NL”(0,T;w, ()
P(x,t) e (0, T;H"™(QY)) , (r=2)
C,Ci Cy €L”(O,T;HY () ; p,, P, €L”(0,T; L7 (X))
(A3) For any ¢ e L*(Q2), the boundary values problem:
-Ap+p=¢ , xeQ
% _g
on
There exists unique solution e H?(2) and a positive
constant M such that |¢|, < M||g|.(see Manaa, 2000).

, xel

3.Finite Element Spaces
Consider a regular family {T, }of triangulation defined over Q,

where h is the longest diameter of a triangular element with the
triangular T, , we have a set of close triangles {e, }(1<i<N,) and

a set of nodes {P}1<i<N,+M_,)where P(L<i<N,)are
interior nodes in Q and P,(N,,<j<N_,+M )are boundary

P+l —

nodes on I'. We put h, to be the maximum side length of

triangles and k to be minimum perpendicular length of triangles
forall eeT,.

Definition 3.1: A family T, of triangulations is of weakly acute
type, if there exists a constant 6, >0 independent of h such that,

the internal angle @ of any triangle e, T, satisfies 6, s&g%.
Let ¢ (p),@<i<M),be the continuous function in Qs.t.
#.(p), is linear on each eeT and ¢ (p,)=0,; for any nodal
point p;.
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We denote My as the linear span of ¢ ,(1<i<M),i.e.a finite
dimensional subspace of H*(Q)

M, ={z, |z, €C(Q); z, isalinear functionone,veeT, }.

And a subspace of H,(Q)

M, ={z,1z, eM,;z,(P)=0k=M +1....., K}.

We associate the index set
A, ={j=#i:P, is adjacent to P}.Let P; P; ,P«, be three vertices of

triangular element e and 4,1, 4, be

barycentric coordinates.
We have the following definitions see (Hu & Tian(1992))

Definition 3.2: with each vertex P; belonging to triangle e, the
barycentric subdivision Q° is given by:

Q; ={P|Pee ; 4, (P)=4,(P) , 4 (P)=4,(P),VP, e}, and
the barycentric domain €. associated with vertex P; in Qis
given by Q, =0Q’ eeT,.

Definition 3.3: with the characteristic function  (x) of
barycentric domain Q., the mass lumping operator

AiweC(Q)—>wel (Q)is defined by

Np+Mp

W(p): ZW(pl)ﬂl(p)

Using interpolation theory in Sobolev space (see Ciarlet,1978)
and inverse inequality, with step length h_ we have the relation

between Wwand w from the following lemma
Lemma 3.1: There exists a constant C such that:
”W—V’V”o’p < th|w|1’p , vwe M, ,p=>1 (7)

w, [, <MhZw,. | , VvV w eM, (8)
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Proof: (see Hu and Tian,1992)

Lemma 3.2: There exists constants C, ,C, > 0such that:

Cilwl,, <, <C.lmf,, vweM, ().
Proof: (see Hu and Tian,1992)

Definition 3.4: Let {M, }be a family of finite dimensional
subspaces of C(€2), which is a piecewise polynomial space of

degree less or equal to r with step length hp and the following
property: for P e[l,»], r>2 ,there exists a constant M such

that for 0<q<2 and ¢ew.*(Q):
inf ¢ — x| <Mh™¢

xe{M}
Similarly, we define{N,} as a family of finite-dimensional
subspace of C(Q) x C(€2), which is piecewise polynomial space
of degree less or equal to r-1 with the similar property as M, and
0<g<r-1

We also assume that the families{M  }and{N, }satisfy inverse
inequalities:

4], <Mh g V¢
(see Manaa,2000).

r+l,p

<Mhve] v,

L

4.Error Estimates
Let z>0is a time step and N, =%. We use a Galerkin

finite element method for the pressure and velocity and partial
upwind finite element scheme for brine, radionuclides, and heat
equation.

Let C°eM, bea L*(Q)-projectionofc’ in M,:
(C°-c"z,)=0 vz, eM,
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We can get P° eV, such that

jP°dx:0 A k((xo) VP",W)=(-q",v)+(R,,v) , WveV, and U’ eW, from
) H\C

k(x)
u(C’)
If the approximate solution

{P",U",C",C"(i=12,.,N),T"}eV, xW,. xM, xM* xR,

is known, we want to find

{P™ U™ C™ C"(=12,.,N),T™}eV, xW, xM, xM ' xR,
at t=t™" , with three steps . Let (.,.) denote the inner product in
L*(©)

U®=-—L yP®=—a(C")VP"

Step 1. Find C™*for m=01,...,N_—1, such that
(@.C"2,)+(E,VC™* V1) +RU",C™2,2,)=(§(C™"?),2,) ¥z, M, (10)
where DC" =(C™ -C")/z , C™?=(C™ +C™)/2and

M
R(U m,Cm+1/21Zh) — Zzi Zﬂum (ai;nciml/z +a?i1C;n+1/2) (11)
i=l  jeAi
with z,=z,(P) , C"*=C™*(P) and A" = [U".n, dI",here n;
T;

is the unit outer normal to I,. The partial upwind coefficients

should be required that (see hu & Tian(1992))
@) af +aj =1

(b) max{l/21- p, }<a, <1ifB, 20, 12)
max{l/ 21— p, }<a, <Lifg, <O,

Step2 -Find P™*! such that:

I Pm“dx:O,(ﬂré)n?l)VPm”,Vv):(—q’“*l,v)+(R;,v) CWeV. (13)
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Step3 -Find U™ as :

U m+1 - _ k(X) VPm+l — _a(Cerl)VPerl (14)

H(C"™)
Lemma (4.1): Let peV, be the elliptic projection
of pe H'(QY) into V., defined by

(a(c)vp, V) =(a(c)vp,Vv) , YveV, then there exists a
constant k, such that |[p— p|+h [Vp—Vp|<k|p| ,h;*

r+1 P

Proof: (see Quarteroni, 1997).

Some Important Remarks:
1.U™n=0 in T (15)
2.if Ju' —u'| <Mh, (0<I<m)then U™ —u™| < Mh,.

and if U™ -u"| < Mh, , then|vU"| < M, (16)

see (Manaa,2000).
3. We will make the inductive assumption that if
ju'| <k* (@<l<m), then U™ <k=* (17)

4. From (Quarteroni, 1997) if T, is regular triangulation of
weakly acute type we have
w,|, <6 /KW, , Yw, eM, (18)

Theorem (4.1): C satisfies discrete mass conservation law
[gD.Crda=[¢™"*(C)dQ , m=12....N (19)
Q Q

T

Proof: In (10), let z, =1, then (EcVC™*'?,V1) =0 and
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M

R(U m’Cm+1/2 ’1) — leﬂi;ncir;wlu —
i=l  jeA;

M

z Z(Igirjncirjnﬂlz _ :BiraniroHl/z) ~0

eeT, P, pjee,i<j

Then (19) holds.

Lemma (4.2): let
C:[0,t] > M, such that

(Ecvc-c,Vz)-A(c-C,z)=0VzeM, |,
teJ and let c—C=¢ then
J¢g
ot

<Mh

c

lel, <Mh, -,

a—gH <Mh? |
ot

1

Proof: see (Ciarlet, 1978).

Lemma (4.3): Forall z eM,and ¢=c-C , £=C-C,
‘((um.VCmH/Z),Zh)—R(Um,Cmmz,Zh)‘SM(hcz+ §m+l/2H2+ 2

2
|+

, (20)
U™ —u"

[vsme| + e 1)+ vz, |

where ¢ > 0is arbitrary small constant.

Proof:
((um.vcm+1/2)’ Zh) _ R(U m’Cm+1/2’ Zh): ((um _U m)lvcm+l/2, Zh)

+ (U mv(cm+1/2 _Cm+1/2), Zh) + (U mVCm+1/2’ Zh _ zh)
+[umvec™2 2 ) -RU™,C™?,2)]=J1+J2+J3+ )4

With (A1) and (A2) we have :

J1=((u™ -U™).ve"™2 2, ) <Mu" -U"

Jz.|
<M( “z))
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Using (A1),(17),(18) and (9) we have:
J12= (U m'V(CmA/Z _ Cm+l/2)’ Zh) <M [HV(Cm+1/2 _ 6m+1/2)H + HV(—(C mi2 Cm+1/2))H]-HZhH
< M[‘ngﬂlz ‘ + Hvémmz ‘]HZhH

SM[\/6 gcm+1/2‘2 +\{(6 $m+1/2
)

2
]+ Mz,

k

S M ( érm+1l2

2
4

§m+1/2

From (A2),(7),(8),(17) and (18) we have
J3=(U"VC"™%, 7, —2,)<MU"|vC™? ]z, - 2,

<M|VE™ ]z, - 2, |+ M[Vs™ |z, - 2,
+MVe™ 2z, - 2, =k, +k, +k,
k, <M[h? +[&"2 ]+ vz, |
k, <M[hZ + Vg™ 2" + |z, ']
k, <M[h? +z,[ ]
3, <M + e+ g 4 [z, T+ eV, |

Using (9),(11),(16) and (17) implies

M
Ja4<|yz, > [(C™* —C )™, dr
i=1

i eAi T

+

C m+1/2 HHVU m

|2,

LN —

Slnce C;H 12 :a_mC_m-#l/Z +a;1C;n+1/250

ij i
. Pje

eeT, P

M Cm+1/2 —le/z _+_Cm+1/2 _Cm+1/2 +Cm+1/2HH2hH
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<M Zhe V(Zh|e)‘ Z J‘| cm/2 _Ci;n+1/2 |dF
eeTy R Pjeei<ji<] l—i?

M [‘§m+l/2 ‘+‘gm+1/2 ‘+‘Cm+l/2 ]”Zh”
And in element e we have [C™*'* — C*™?| < 2]V(C™?[e)|h,
Then
J4<3M2Y RV (z ) [VC™ )

eeT),

M [‘§m+l/2 ‘2+ gm+1/2 ‘2+‘Cm+1/2 ‘2+||Zh||2 ]

<M (hcz n §m+1/2H2 n gm+1/2H2 n vam+1/2H2 n HZhHZ) n 8HVZhH2

Hence J1+J2+J3+J4 Implies (20).

Lemma (4.4): There exists a positive constant k, such that:

HVP mel Vﬁmﬂ < kz‘cmﬂ . Cm+l (21)
Proof:

We have that:
(a(Cm+1)va+1’VU) — (qm+l’v) + (Rs (Cm+l),V), (22)
(a(c™)vp™, Vo) = (g™, v) + (R (c"),v), (23)

Subtracting (23) from (22), we get
(a(C m+1)v(Pm+l _ §m+l)’ VU) + ([a(C m+1) _ a(cm+l)]V§m+l ’ VU)
=(R,(C™) = (R,(c™),v)
Let v=P™ —P™ eV, , then:

HV(Pm-l _ §m+l) 2 < ‘(a(c m+l)V(Pm+l _ |3m+1)’v(Pm+l _ §m+l))‘
— ‘([a(cmﬂ) _ a(C m+l)]V§m+1, V(Pm+1 _ §m+1)) + (Rs (C m+1) _(Rs (Cm+l), Pm+1 _ |5m+1)

Using (Al) we have
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S M Hvﬁm-d Cm+1 _ Cm+l HV(Pm+1 _ 5m+l)

Cm+1 . Cm+l Pm+1 . F_)m+1

with lemma (4.1) and (A2) if hp >0 is sufficiently small
Hvﬁmﬂ SHVP"‘”H+ kJP[. hi <M, so we have (21).

r+1 P

_|_

Lemma (4.5): There exists a positive constant ks such that

Um+l _um+l :k3(Hcm+l —Cm+1H+h;) (24)
Proof:
U m+l um+1 — Ha(c m+1)VPm+1 i a(Cm+1)VPm+1
< Ha(c m+1)v(Pm+1 _ pm+1) + Ha(c m+l) _ a(Cm+l)‘ vam+1
From (Al) and (A2) we have
< COHSIHVP m+l vpm+1 + Cm+1 _ Cm+1 vam+1 5

we have [VP™* —vp™| <|[VP™ — vp™i|+|VP ™ —vpm
using lemma (4.2) and lemma (4.4) , we get

[VP™ —vp™|<k,[C™ —c™| +k, [P  h;, from (A2), (24)
holds.

Theorem (4.2): Forall m<I<N_ if z<z,, then
|C™* —¢"*|<M(z +h, +hi), where M independent of 7 and h,.
Proof: Multiply eq.(2) by z, and integrating by parts we obtain
for
t=(m+1/2)r. Let w_,,=w(,(m+1/2)7) and w™** =(w"" +w")/2,then
(D¢, z,)+(EcVe™ 2 vz, )+ (u"ve™? 7, ) =

ac

(g(cm+1/2)’zh)+(¢(DrCm_E|m+ll2)’zh)+ (25)

+((EcVe™'? —EcVe,.y;,), V2, ) + ((U"VE" ' —u a Vena12) Zy)
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Let e=c-C=(c-C)-(C-C)=¢—¢, and subtract (10) from
(25), we obtain:
(#D.€",2,) + (EcVe™* Vz,)=(RU",C™"?,2,)

(Ve 2, ) +((#D.€", 2,) - (¢D.c",2,)

oc

+((9™"),2,)-(6(C™"),2,)) + (4(D.c” o lma) 1)

+ ((ECVCm+1/2 _ ECVCmH/Z),VZh) +((umvcm+1/2 um chu/z) )

Hence
(@D,E",2,)+(ECVE™, V2, ) = (4D.&"™,2,) +(EcVs™ 2, Vz, ) +
(U"VE™,z,)-RU",C™2 2 N+ ((GC™), 2,) - (™), 2,)) +

m AMm 2 m aC

((¢D,c",2,)-(4D,€",2,)) —((#(D,c —Elmm),zm (26)
((ECVCWU2 - Ecvcmmz)’Vzh)"'((umvcmmz _UM,ZVCmmz)) Zh)
=[1+12+13+14+15+16

In (26), let z, =&£™2 €M, and using (A1) the left — hand side
IS

£ m+1 2 Zm 2
sl —le

27

¢

>

4 Co vamu/z

‘ 2

From (Al), we have:

A A 2
11=(JD,¢" 2,) s M(|D,&"| + [
Using (7) and (8), we have

)

|D.¢"|< " -Dg"|<
From (9) we have

§m+1/2 <M m+1/2H<M( m+1
M e +fen] + o] o,

Using (A1), we have: 12<M|vg™*"
121
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From lemma (4.3)
13< M (h +[¢m?
‘vgmmz 2L HU m _umHZ)_’_guvngrl/Z

¢t ¢ oc o°c
= ¢(E|m+l/2 +1/24—

4
(Raviort,1979) we get
14<Mh, (1+7%)|z,|, + Mh, L+ 2)]z, |
<Mh,|z,[+Mhz,| + Mh_z?|z, |+ Mh, z?
<M (h? +hZe?) + evem |
I5< M(hcz n §m+l/2 2 n gm+1/2H2)+gHv§m+1/2H2
Let 16=K1+K2+K3, so
2 2
KI<M (" + 2™ + e[ ). K2 <Mz? + ¢

68m+1 2 +H§mH2)

2

gm+l/2 +

2
*|

2

let 9=¢

z?), using (Al),(A2) and

Zh‘l

2
§m+1/2 ‘ ’

K3<M(z* +|

Then we get

16<M (2_2 + §m+l é;m 2) +8HV§m+l/2

Equation (26) can be written now

Jlems 2 g 2
27

+HDrg”‘H2 +h?

+

2 2
+[e"]|

2

§m+l

+C, HV g m+1/2

< M(

Drgm“:+“vgm+l 2+ vam+1/2

n ‘ m+1/2 2+‘

m m||? 2 2 m+1/2]|2
c U™ —u H +hi+7 )+8HV§ H

Take the summation from 0 to |, where
m<I<N_,andC’=c” so &° =0

£I+l

Al

¢

Dc |

femy e[ 7+ M D,¢lf L (12) + M1
m=0

(HY

' [
MY el T+ Mo+ 2+ MY U -ut[e
m=0 m=0

2 N
L2 - Z
A0 m=0

Where |w w"

ir, using (7) and (A1), we get
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§A|+1 n th %Hém

H‘)SMH < Hém
éuém é}m

2 111 2 I 2 2 2
e <M [em e+ MY Jum ] 7+ M (D, [ +h2D,d] 2o
m=0 m=0 '

+ Mh,

§I+l‘l <
, S0

< MHém

>M,

+kH;M+M+#) (27)
From lemma (4.6) we have
I 2 I

Z_;) <M (Z_;J EN

From (27) and (28), we have
1+1

e < M.2 6" 4+ M, (h? +7° +h¥)
From Gronwall inequality , we get:
[ |<M(h, +7+h))
itis HC'+l —c"<M(h +7+h))

Um—u" r4fo [fuan +h)  (28)

Theorem 4.3 with the assumption (Al)~ (A3), if
h, =0(h,),7 = O(h,),

Then [C —¢| .., +|U ~u].,. <M(z+h, +h)
Proof:
We will prove first the inductive assumption (17) . We have
Um+1 . sHa(C”‘) . vam+l . < kAHVPmA .
But
vaml . SHVP"M _v|3m+1 . +HV|5m+l .
<Mh.![VP™ — VP ™| 4k, < 2K,

When h, =o(h,) , z=o(h,) (r=2), [VP™ <k*,

L,
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HU m+l u m+1 < k3 (‘ Cm+1 _ Cm+1
And from theorem (4.2)

+hi) , vm=01..,N, (29)

|c™ —c™|<M(h, +7+h), Ym=0L..,N, (30)
Equations (29) and (30) implies

HC m+l Cm+l + HU m+l um+l

Which is complete the proof.
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