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ABSTRACT 

In the current research ,the points and lines of the projective plane of 

the seventeenth (17th)order were constructed ,this was followed by 

examining the arcs designated (k,n;f)- in the plane type (m,n).As a result, it 

is concluded that these arcs do exist having all their points of the order one 

or two ,but the order of their lines are m or n only .A further result was 

arriving at proving the theorems being concluded. The research also 

included a study of Monoidal arcs with some given examples.  
Keywords: projective plane, Monoidal arcs. 

 الاوزانذات  17الرتبة  يومستقيمات المستوي الاسقاطي ذنقاط 
 محمدة مقبول                                قاسم  عبد الكريم بان

 ، جامعة الموصل كلية الهندسة، جامعة الموصل    كلية علوم الحاسوب والرياضيات        
 24/12/2006: القبول اريخت                                   11/10/2006تاريخ الاستلام: 

 الملخص
ثم   ةذي الرتبة السابعة عشر  الأسقاطيفي هذا البحث تم تركيب نقاط ومستقيمات المستوي  

وجود تلك  إثبات إلى( وتوصلنا (m,n( في هذا المستوي ومن النوع -(k,n;fحاولنا دراسة القوس 
 nاو mفتكون مستقيماتها  أوزان أما, اثنين أوواحد  وزان االتي تكون جميع نقاطها ذات  الأقواس
في  الأحادية للأقواسبرهان للنظريات التي تم استنتاجها .وكذلك تناول البحث دراسة  إعطاءفقط,مع 

 على ذلك.  الأمثلةبعض  وأعطيناهذا المستوي 
 . لأقواس الأحاديةالأسقاطي، االمستوي الكلمات المفتاحية: 

1- Introduction: 

The existence of (k,n;f)- arcs is studied by D, Agostini .Also [8],  [6], 

[7],and [4] study the existance of these arcs in the projective plane of order 

3,5,7 and 9, respectively. 

In this paper, we studied the existance of(k,n;f)- arcs in projective 

plane of order seventeen . 

To explain this work we need first the following introduction about 

the projective plane  . 

If f is a function from the set of points of the projective plane  in to 

the set of natural number N, the value f(p) is called the weight point p and F 
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is a function from the set of lines of  in to N, the value F(L) is called the 

weight line L, i.e F(L)= 
Lp

f(p). 

A (k,n;f)-arc Kof  is a set of k points such that K does not contain 

any points of weight zero. 

The line L of  is called i-secant if the total weight of L is i, Xj 

denotes the number of the points having weight j for j=0, 1, 2,……, v 

(where v = 
k  p

max


f(p)) and we used Wi
j for the number of lines of weight i 

through a point of weight j; we also denote that the number of lines of 

weight i is zi , the integers zi are called the characters of K . If the points in 

the plane are only of weight zero and one, then K is a (k, n)-arc. 

Let V denote the total weight of K, so by [2] we have: 
m(q+1)≤V≤(n-v)(q+1)+v ------- (i). 

Arcs for which equality holds on the left are called minimal and arcs 

for which equality holds on the right are called maximal also [2] has proved 

to be a necessary condition for the existence of a (k,n;f)-arc K of type (m, 

n), 0<m<n is that  

q ≡ 0 mod (n-m) ------(ii) 

and  

v = n-m                ------(iii) 

 

2- (k,n;f)- arc of type (n-17,n)with Li>0,  i=0, 1, 2,  Lj = 0,  j=3,.....,17. 

From [1], a (k, n; f)- arc of type (m, n) requires that q ≡ 0 mod (n-m), 

m>0, v≤n-m and (n-v)(q+1)≤ V ≤ (n-v)(q+1)+v . 

For a (k,n;f)-arc of type (n-17,n) with n-m = 17 and for discussion of 

maximality and minimality of this arc, we study the following conditions:  
 

X0>0,X1>0,X2>0,Xi = 0  ,for  i =3,.....,17. 

For minimal V = (n-17) (q+1),from ([6],p.12) we deduce that: 

 

Wn-17
0 = q+1                            Wn

0 =0 

Wn-17
1 =(16/17) q+1               Wn

1=(1/17)q                    ------- (1) 

Wn-17
2  =(15/17) q+1              Wn

2=(2/17)q 

 

Lemma (2-1): 

There is no point of weight zero on any n-secants of a (k,n;f)-arc. 

Proof: Follows from equation (1),since Wn0=0.# 
 

Theorem(2-2): The total number of n-secants and (n-17)- secants of the 

(k,n;f)-arc of type (n-17,n) in PG (2, 17) is: 
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Zn= (1/17)(n-17)q 

and                                                                              ------- (2) 

Zn-17 = (1/17)(17q2+34q-nq+17) 

 

 

Proof :   

Let Zn-17 be the number of lines of weight n-17 and Zn the number of 

lines of weight n ;then 

Zn-17+Zn=q2+q+1                                                         --------(a1)    

(n-17)Zn-17+nZn=V(q+1)=(n-17)(q+1)2       --------(a2) 

solving equations (a1)&(a2) we get 
 

Zn=1/17(n-17)q  

 Zn-17=1/17(17q2+34q-nq+17).# 
  

 Now let Y be an n-secants and suppose that on Y there are a points 

of weight two and b points of weight one.The counting points of Y, gives 

the following: 

 a + b=q+1 

and the weight of points of Y is 

2a + b = n   

so, we get  

b = 2 (q+1) – n 

a = n-(q+1) 

 

Counting the incidences between points of weight 1and n- secant 

gives: 

X1Wn
1=Zn b 

by using equation (1),(2) & (3) , we have: 

X1=(n-17)(2q+2-n)                                                       ----------- (4) 

Simillarly, counting incidence between points of weight 2 and the n-

secants gives: 

X2Wn
2=Zn a  

Hence using (1), (2) & (3), we have: 

X2=[(n-17)(n-q-1)]/2                                                   ----------- (5) 

Since 

X0+X1+X2= q2+q+1 

then by using equations(4) & (5), we get 

2q2+(53-3n)q+n2-20n+53-2X0= 0                              ------------(6) 

For a solution of q in (6), we require 

(n-79)2-(3856-16X0) is a square 

------- (3) 
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that is : δ2=(n-79)2-(3856-16X0)                         -------------(7) 

 

 

 

 

3-Arcs in PG(2,17): 

Let PG(2,17) be a projective plane of order 17.From([5]chapter-3), 

we attained that this plane contains 307 points, 307 lines, 18 points on every 

line and 18 lines through every point. 

 Let L1be the line which contains the points: (1, 2, 10, 16, 87, 110, 

120, 152, 176, 180, 192, 211, 233, 254, 259, 272, 279, 306). 

The line L2 can be obtain by adding one to each number of the line L1 

to get  L2 (2, 3, 11, 17, 88, 111, 121, 153, 177, 181, 193, 212, 234, 255, 260, 

273, 280, 307). 

Simillarly we can find all others 305 lines of this plane by adding in 

each step one to get the other line. 
 

4-(150,29;f)-arc of type (12,29) in PG(2,17). 

To find this arc we need to find the value of X0 which makes 

equation (7) be a square and then find from it n and δ i.e we try to check X0 

from 1 to 307 and after a large number of efforts we found that, when 

X0=157, we get δ=34 and n=29, and from (6) we have q=17, which means 

that (k, n; f)-arc of type (m, n) exist in PG (2,17). 

From (4) and (5), we get  

X1= 84 and X2= 66 

Which implies that this arc is (150, 29; f)-arc of type (12, 29) and the point 

of weight 0 form (157, 12)-arc in PG (2, 17). 
 

5-Classification of the lines of the plane with respect to the (150,29;f)-

arc of type (12,29). 

Let L be 12-secant having on it a points of weight 2, b points of 

weight 1 and c points of weight zero, then 

a + b + c=18                                                        ------------------(8) 

and the weights of the points on L gives 

2a + b = 12                                                         --------------------(9) 

Let N be an 29-secant of a (150, 29; f)-arc, since there are no points 

of weight 0 on a 29-secant because Wn
0=0, then we can assume that on N 

there are a points of weight 2 and b points of weight 1, then a + b = 18 and 

the weight of points on N gives: 

2a + b = 29 

so a = 11  and b = 7 

and by solving equation (8) & (9), we have the following lemma. 
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Lemma (5-1): The lines of PG (2, 17) are partitioned in to eight classes 

with respect to a minimal (150, 29; f)-arc of type (12, 29) as in table-1 

 

 

Table -1 
c b a Type of the lines 

6 12 0 L0 

7 10 1 L1 

8 8 2 L2 

9 6 3 L3 

10 4 4 L4 

11 2 5 L5 

12 0 6 L6 

0 7 11 L7 

 

Corollary(5-1-1):  

There is no point of weight 1 on the 12- secant of (157,12)- arc. 
  

Corollary(5-1-2): There is no point of weight 2 on the 6- secant of 

(157,12)- arc. 
 

Lemma(5-2): For the existence of (150,29;f)-arc K of  type (12,29) with 

157 points of weight zero in PG(2,17),we have the following: 

1- The number Z29 of 29- secants of K is 12. 

2- The number Z12 of 12- secants of K is 295. 

3- The number X2 of points of weight 2 is 66. 

4- The number X1 of points of weight 1 is 84. 

Proof: 

Follows from equations (2), (4) & (5).# 
 

Lemma(5-3): No thirteen points of weight zero can be collinear.  

Proof: 

Let L be 13- secant having on it 13 points of weight 0, then the 

remaining points of L is five, if all these points of weight 2 we get the 

weight of the line L is ten which is a contraduction . Since the weight of L is 

12.# 
 

Corollary(5-3-1): The points of weight 0 form (157,12)-arc in PG(2,17). 
 

6- Monoidal arc: In this section we consider (k,n;f)- arc which have only 

one point of weight greater than one , such arcs are called monoidal arcs, i.e 

a (k, n; f)- arc is called monoidal if Imf={0,1,v}and Xv=1. 
 

Example( 6-1): An example of a monoidal arc can be obtained as follows: 
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 From (6) when X0 =272 and n=19, we get q=17, and from (4) & (5), 

we have X1=34 & X2=1 i.e there is a (35, 19; f)- arc of type (2,19) in 

PG(2,17) consists of the following points : 

Pi for i = {3, 4, 12, 18, 89, 112, 122, 154, 178, 182, 194, 213, 235, 256, 261, 

274, 281, 1, 19, 27, 33,104, 127, 137, 169, 193, 197, 209, 228, 250, 271, 

276, 289, 296,16} 

with V(pi)=1 for i = {3, 4, 12, 89, 112, 122, 154, 178, 182, 194, 213, 235, 

256, 261, 274, 281, 1, 19, 27, 33, 104, 127, 137, 169, 193, 197, 209, 228, 

250, 271, 276, 289, 296,16} 

and V(pi)=2  ,for i=18 

and the other points of the plane are of weight zero and form ( 272, 17)-arc 

The lines of this arc are 17-secants, 16- secants and 0- secants and 

1- The number of 17-secants are 16. 

2- The number of 16-secants are 289. 

3- The number of 0-secants are 2. 

 so the total number is 307. 

 see table-2. 

 Since table-2 contains 307 lines, so it is not suitable to write it 

completly.For this reason it is enough to write only the first twenty lines of 

the plane and the last twenty lines of it. 
 

Lemma (6-2): There is one point of weight 2 on each 17-secants of 

(272,17)- arc . 

Proof: 

Let L be 17-secants of (272, 17)-arc and having two points of weight 

2, then the weight of L because 4 and this is a contraduction because the 

weight of all lines of the plane is either 2 or 19.# 
 

Corollary(6-2-1):  There is no point of weight 1 on each 17- secants of 

(272,17)- arc. 
 

Lemma (6-3): There is no point of weight 2 on each 16- secant of (272,17)- 

arc. 

Proof: 

Let L is 16- secant line the remaining points of L is two .If one of 

these two points of weight 2 means that the weight of L is 3, which is a 

contraduction as in the previous lemma.# 
  

Corollary(6-3-1): There are two points of weight 1 on each (16-secant ) 

line of (272,17)- arc. 
 

Theorem(6-4): Each 0- secants line of (272, 17)- arc contains one point of 

weight 2 and seventeen points of weight 1. 
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Proof:From lemma (2-1), and type (2,19) of these lines, we know that the 

weight of each 0- secant line is 19 , this means that each 0- secant line must 

be contain one point of weight 2 and 17 points of weight 1 .# 

see table -2. 

 In this table we have: 

1- The star points are points of weight 2. 

2- The underlined blodface points are points of weight 1. 

3- The other points are of weight zero. 
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