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The purpose of the present article
holomorphic univalent functions defined on the open unit disk incluing the linear
operators reduced by using the convolution concept between two familiar operators

is to study and introduce the family of

introduced by many authors and also studied in various families generalized by starlike
and convex functions. Also, many mathematicians considered these families, our study
deals with Bord distribution series, and we obtained many interesting geometric properties
like the coefficient bounds of functions belonging to our family by proving the main result

in characterization

theorem, we obtained also the bounds of the derivative of the

operators T (A, w) by proving the distortion theorem ,the extreme points also take into
consideration and found them, the radii convexity and starlikeness are pointed out of
functions belong to this family .
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1. INTRODUCTION

Let M be a class of functions with the following form

fw) =w+ 32, a,wh, (11)
which are holomorphic and univalent in open unit disk;
Q= {w e C: |w|<1}.
A function f € M is called starlike of complex order
1(wr'w) _
R{1+3( o 1)} >x,  (0<«<1 and

t € C\{0}) (1.2)
A discrete random variable y which has a Borel-distribution if
it takes the standards 1,2,3,... with the probabilities
e™1 21e724 9)2,34
T 2 3!

Where y is the parameter, hence Prob (y = b) =
(beN)

’ )

(Ab)b—le—ﬂb
b! '
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The following power series using probabilities from the Borel
TA,w) = W+ZZ°=2L;LHW”, wenokaisl

(1.3)

Where

_ Au-1)r2e~AuD)

< .
(u—1)! » @=p <o)

Ly

Now, we introduce a linear operator 7' (4, w): M — M defined
as

TAwW) xfw)=w+X7 L aqwt, W eEQO<A<
1). (1.4)

Motivated by many authors studied the several classes
associated with many distribution series like logarthemtic
distribution, Binomial distribution and zeta distribution (see
for example. [1],[2],[3].[4],[6].[8])

Here, we have obtained some results and give conditions for
the functions belonging in our classes.
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Definition 1. f(w) € M supposedly in P(t, «) if the
following condition holds:

R{1+3 (Wf 1)} >,

fw)
t € C\{0}). (1.5)

(0 <x< 1and

Moved by the work of Srivastava and Gaboury [7],Juma and
Darus[5],and we investigate some geometric properties of
the current function class such as coefficients-estimate,
distortion bounds, Radius and the extreme points.

2. MAIN RESULT

Theorem 2.1. For 0 <x< 1,t € C\{0} and if
f(w) € M complies with the following conditions

Yoz (=< [tD Ly @y | < 1—oc |t], then f € P(t, )
2.1)

Proof. Imagine that (2.1) satisfy, we have

wT! Aw)fw) (1
T W) f (W) _(F +°‘_1)_1

wTlAw)f(w) (1
T AW f (W) _(? +°<_1)+1

Cw) =

As a result, it is enough to show that |C(w)| < 1
that is

wr! Aw)fw) (1

tT(AW) f (W) _(_ +°<_1)_1
wT! AW fw) (1

T W) fw) '(_ +°"1)+1

Cclw) =

octw+2ﬂ 2 Ly p(u—1-ct)a,w*
(2- oc)tw+2°° 2 Lag(u+1l-cta,wh|’

thus by using (2.1) we have

Cw) <
el |+ X2 Ly p(u—1-xt])|ay|lwh|
T @-ltlIwl=Z Ly Lap(pr1-t])|ay|lwh]

o|t|+3,2 2 Ly pu(u—1-t])ay
2-t|-Tprp Lap(+1-xtay, ~

and the proof is complete.
Definition 2. Let T represents the subclass of M of the kind

fw) =w - ¥, a,wh,

a, =0 (2.2)
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if f € T is given by (2.2) then we have
TAw)*f(w) =w =X L a, wh.
Therefore, we take TP(t, ) = P(t,x)NT.

Theorem 2.2. A function f of the form (2.2) which are from
the class TP(t,x) <

Lp=2(u—= [tDLy, < 1-c [t|

Proof. Since TP(t,x) c P(t, ). Then f € TP(t, %)
by Theorem (2.1).
Conversely, since f € TP(t,x),then

wT' (Aw)f(w)
R{l tt ( TAw)f(w)

-1))

=R {t_szzz(t:ﬂ_l)L/Luau} > o
t(l_zuzz Lyuayu)

We select w's value. on the real axis. Letw — 171
though real values, we discover inequality (2.1).

Corollary 2.1.let the function f(w) described by (2.2) be in
the class TP (t, x) then

1-|t|

S L] N >
= Wthis, p=z2

|au|
3. DISTORTION BOUNDS

Theorem 3. For 0 <x< 1,t € C\{0}, and suppose f(w)
belongs to in the class TP (t, «) therefore,

_ @-ooe?
Re(t)

1

.u(“_”

22;1 2

(1—o<)|t2|) =
Re(t)

1

Ll,u(ﬂ_1+

a-=je?
Re(t)

lfW)l <s+

(Iwl=s<1)

2 Zu 2
(3.1)

(1—o<)|tz|) ’
Re(t)

_a-oltf?
Re(t)

1
SZM=2L ( 1+(1—o<)|t2| =
A\ BT TRen )

1

Ll‘u([.l—l-%

(1=t
Re(t)

(3.2)

Iffwml <1+

(lw]=s<1).

S Z,ofzz

(1—o<)|t2|) ’
Re(t)

Proof. Belong to M. In virtue of Theorem 2.1, we get
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If W) = wl| — Zzz|a,|IwH| =
(l—of)ltl 2 Z 1
= Re(t u=z (1-«)[¢?]
°® L’W(“_” Re(®) )
and
If W) < wl + Zia|a,|lw#| <
(1—0()|t| 2 1
<s+-—=—s°y
Re(t u=2 (1—)|£2]
°® L’“‘("_“ Re(®) )
(lwl=s<1).

Also, from (1.1), there are

If' I 2 1= X5, ulay,|lwh =

_@-[t? 1

= Z[,t 2 ( 2
—)|t
Re(t) u(ﬂ-l N 1Re(1) I)
and
If' W)l < 1+ X5, ua,|Iwt1] <
(1-00)|t]? 1
S14+——— Zu 2 NG
(1-)
Re(t) LM(M—H 1Re(tl)t I)
(lwl=s<1).

Thus, we obtained the required results.

4. EXTREME POINTS

We consider the subclass P (t, «) of the class P (t, ) in this
section, which consists of all the functions f(w) € M of the
form (1.1), and we satisfy (2.1). The extreme points of the
subclass P(t, ) are defined by the following theorem.

Theorem 4. Let fi(w) =w (4.1)

and

fulw) =w + wh, (u £ 1).

1
(u=etD|La,pl
Then f € P(t,«) if, and only if

fw) = Z;ciozl Nu fu(W) (7’;1 > 0;2;10:1 Nu = 1)
(4.3)

Proof. Let f € P(t,x). Then in virtue of (2.1). we can
set

M = (U= Itl)(1 i W*ED. (4.4)

Which results in our (4.3).
Conversely, let

fw) = X1y fuw)

=w+ Zu=1 Ny (u—°<|t|)|LM‘| v
Then
e (u—oc [tDLy

1
M =D Lag]

1—o |t] Yoy = (1—o< [N (1 —1q).
Therefore, we have f € P(t, x).

5. RADII OF STARLIKENESS AND
CONVEXITY

Theorem 5.1. If f € TP (¢, x) of the form (2.2), then f is
holomorphically starlike from order «, (0 <«< 1) in the disk

lw| < r,(x,t) where
1

r2(, t) = infy5; (”(Zoilotc:);;(z(_:)“)]ﬁ (5.1)
Proof. By a computation, we have
W) g - ~S (D
Fw) 1-3%%, aywh
Yo (u—Day|w|#*
1-Ym=p aylw|#=t
Thus f is starlike of order o if
S, E g, wik < 1. (5.2)
Since f € TP(t, «),we have
S gt S 1 53

Now, (5.3) holds if

< WxItDlay

(h—) |W|#—1 <
1- 1—|t|

That is, if
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1
(u—x|t])Ly,pu(1-0) u-1
<|—= .
wl< [ (1-«|t])(u—x) ] (54)
Theorem 5.2. If f € TP(t, x) of the form (2.2),then f is
holomorphically convex from order o, (0 << 1) in the disk
lw| <7, (e, t) where

1
(u—|tDLy,p (1-0) u-1

rp(e, t) = infy5) (A=t (u(n—o9)

(5.5)

Proof. By a computation, we have

wf”(W)| _ —Yep u(u—Da,wh?
f'w) 1—2;?:2 uauwﬂ—l

iz u(u—1ay,lwl#?
1=-Ype, uaylw|#=1

Thus f is convex of order o< if

u(p—) -
T H e lwlrt < 1,

(5.6)
Since f € TP(t, ),we have

(ﬂ‘“ltl)Llu
OO_ N AR < .
Yy=2 1-|t| 1

(5.7)

Now, (5.7) holds if

1
. (u—o|tDLy (1= -1
w| < inf,. [—
|wl H22 | (1-wft]) (u(u—o))

(5.8)
Acknowledgement

The authors would express their thanks to college of
computer sciences and mathematic, University of Mosul to
support this report.

References

[1] Duren, P. L.(1983) .Univalent functions. Springer, New York.

[2] El-Ashwah, R. M, & kota, W.Y.(2017). Some condition on a Poisson
distribution series to be in subclasses of univalent functions. Acta Univ.
Apulensis Math. Inform, 2017,51,89-103.

[3] Frasin, B. A. (2006). Family of analytic functions of complex order.
Acta Math. Acad. Paedagog. Nyiregyhaziensis, vol. 22, no. 2, pp. 179-
191.

[4] Goodman, A. W.(1983). Univalent functions. Vol. |, Il, Mariner,
Tampa, FL.

[5] Juma ,R. S., & Darus , M. (2018).Certain subclasses of holomorphic
function defined by a new general liner operator. The Bulletin of
Irkutsk State University series mathematics,(24), 24-36.

(6]

(71

(8]

Nazeer ,W. , Mehmood, Q., Kang , S. M.,& Ul Hagq, A.(2019).An
application of Binomial distribution series on certain analytic functions.
Journal of Computational Analysis and Applications,26(1),11-17.
Srivastava , H. M., & Gaboury, S. (2015).A new class of analytic
functions defined by means of a generalization of the Srivastava-Attiya
operator. Journal of Ing. And App, vol. 39.

Wanas, A. K.,& Khuttar, J. A. (2020). Applications of Borel distribution
series on analytic functions,” Earthline Journal of Mathematical
Sciences, 4(1), 71-82.

B Sige aladiuly Audidail) J) gal) Alile Jga

dzax (lalu (s liae A L Ja

Aaalnc 48 pual  slall gy ) s asle LIS« byl ) puid

é\)ﬂ\ < ¥ aule el 4 g gl
éba.“ cJuasall (Jua gall

eps.abdulrahman.juma@uoanbar.edu.ig sipal.seed@gmali.com

2/3/2023:J & g 1/11/2022: a3 g

gailall

LUl J)sall (e ALalS aaa@s g Al ja ga aaall 13 (e i el

aaliiiu) o3 Jlad jige aladiuly 5 sas gl (e i Jle 48 el 5SH) Al
Ofiald) e 2ae J8 (e dedlall Galad G Sise G CULEIY) o sde A (1
Lanall 5 Apendll Jisal asgie apendl dud 0 ) ALaYL Jlad) 1
iyl S 5 Al 138 ) e ) Ol 0 lalaall 358 e dpuatil
Lanall s peadl) UV Cileail 1 A8LeaYU 8 jhiall L) syl 5 4 s

82

Al s34 ) e 1 sl

JIsall | Kl agalal J) g0 Aaldas 1 sa | ek Sige 1 dalidal) cilals)


https://scholar.google.com/citations?user=BOROMFEAAAAJ&hl=en&oi=sra
ftp://ftp.ifor.math.ethz.ch/emis/journals/AUA/pdf/80_1445_aua_latex_template.pdf
ftp://ftp.ifor.math.ethz.ch/emis/journals/AUA/pdf/80_1445_aua_latex_template.pdf

