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ABSTRACT
A model of fluid flow with heat transfer by conduction,

convection and radiation has been discussed for stability with
respect to restricted parameters (k,o.,r, T") which are proportional
to: wave numbers, thermal expansion coefficient, combination of
many numbers (Re,Pr,Ec,Bo,W,y) and the ratio of walls
temperatures, respectively using numerical technique which
illustrate that the stability of the system depends on the
parameters T* and a..

A clear picture of the flow is shown by using an analytical
method.
Keywords: Stability Analysis, fluid flow, conduction,
convection, velocity, Parallel Plates.
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Introduction:

Heat transfer in fluid flow is an important field in the
mathematical modeling because of its wide range of applications
such as designing of the cooling system for nuclear reactor,
pressure measurements, turbomachinery and other engineering
applications.

The principle of stability of fluid flow with heat transfer
and its applications has been investigated by many authors such
as Lorenz [1] and Yorke [3] and others.

In this paper a model of heat transfer by conduction,
convection and radiation in a fluid flow between two infinite
parallel flat plates has been considered.

The first like model without heating from below was
investigated by Logan [2].

Model and Governing differential Equations:

Consider an ideal fluid confined between two infinite
parallel plates Y=0, Y=d in X Z Y space separated by a
distance d, and heated from below, which is under the influence
of a constant gravitation field g acting in the negative Y direction
as shown in the following figure:

Y
T=T
Y=d ?
g |
X d
| T=T,
Y=0
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Using Boussinisque approximation and the optical thick
limit and if the temperature differences between the walls and
the fluid is small [4] the non- dimensional differential equations
(in the new plane x z y , where x=X/d ,z=Z/d, and y=Y/d) govern
the problem are :
ou ov ow

+—+—=

— —F+— =0 s 1
oXx oy oz
DU R e 2
Dt OX
g=—@—{1—o¢(¢9—1)} ...................................... 3 > (1)
Dt oy
D R e 4
Dt 0z
%:RVZH ........................................................... 5
Dt
where R=

a=T/, : D 2+u£+vi+wE

Dt &t ox oy
(y: specific heat ratio ,Pr: prandtl number ,Re: reynold number,
Ec: Eckert number ,Bo: Boltzman number , w: Bouguer

number,and g :thermal expansion coefficient) .  With the
boundary conditions (non-dimensional):
u=v=w=0 when y=0,1
0=1 when y=0
0= I when y=1
Tl
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Stability Analysis:

Any system whatsoever is bound to be disturbed, a basic
question therefore is “will the disturbance gradually die down or
will it grow in amplitude in such a way that the system dose
not return to its original state ?”

In the field of fluid mechanics the broad study of
stability is concerned , in part, with the determination of the
critical values , if any , of the flow parameters which
distinguish the two different regimes associated with the
answer to the above question .

The functions u, v, w, p,and 6 are written as:

u=uptuz (X,y,2z,t)
vV=vi+tva (X, Y, zZ,1)

W =witw; (X, Y, Z, t)
P=ptp2 (X, Y, Z,1)
0=0:+062 (X, y,2,1) )
where :

Uz, V1, W1, P1, and 0; represent the steady state

~—

and
Uz, V2, W2, P2, and 6, represent the disturbance.

Steady state:
In this case the functions u; ,v1 ,...... , 01, are independent
of the time variable t.

Here we take the motionless (u; =vi = w;1=0) then we can show
that:

P1=P1(y) and 6: =61 (y)
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Unsteady state:
The equations of the three dimensional disturbance are:
Mz N Wo 1
oXx oy oz
Du2 _ apz 2
Dt = oy s
DYy P, 3 > )
Dt oy
W, P 4
Dt 0z
D&, )
=RVZ0, e, 5
Dt ?

with the boundary conditions : u; =v,=w,=06,=0,y=0,1
We attempt to find a solution of the form:

Up = U (y) pat ei (klx+k22) N

Vo=V (y) gat ei (k1 x+k2 z) (3)
- - - s

92 =0 (y) eat ei (k1 x+k2 z) _J

Where kij,k, are the wave numbers and "a" is the speed
number(a=a;+ia,).

Substituting (3) in system (2) and using the linearized theory we
have:

KU +V' +ik,W =0 ..coevrrrrreiiiiinnnnnn, 1\
av =ik P, 2
avV=—P'+al i, 3} 4)
e 4

, (a+Rk?) T _
2] g — /?V =0 .o 5 )
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where T*=(T,-T1)/T1 , (T1: temperature of the lower wall ,
T,: temperature of the upper wall)
Numerical technique:

A numerical technique known as Galerkin method is used .
From system (4) and by eliminating the pressure function in
equation (3) using equations (1), (2)and (4) we get:

2
@R, T o
R R

*

0”_

» (5)

a
Applying Galerkin method on (5) and using the boundary
conditions we get:

V' —kV + - 9=0 2)

o(y) = i B, sin(nm)y. , Bn: constants.

n=0

R

n

) )
With the residual R, =S {anﬁuamk JBH+TR Dn}sin(nﬁ)y}
=0

And:
V(y) = i(Dn sin(mz)y) , Dn: constants.

m=0

With the residual R, :zp:{“z B, —(n°z%+k?*)D, +}.sin(n7z)y}.

n=0

Take the residuals orthogonal to sin ( mz )y Then:

1

[{R, }sin(mm)ydy =0

I{Rz}sin(mﬁ)ydy =0

0

In more convenient we write:
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2

K jsin(nn)ysin(mn)ydy

1
X, (n,m) = j(nznz +24R
0

X,(n,m)= Jl.[azz jsin(nﬂ)ysin(mz)ydy

Y, (n, m) =f(T 4 Jsin(n) ysin(mz) ydy

1
Y, (n.m) =—[((n*z* +k* Jsin(nz)ysin(mz)ydy .me12...n

0

Which are square matrices of ordernxn.
The constants B, and D, satisfy the homogenous algebraic

equations:
X1 Bn + V1 Dn=0
XoBn+y,Dn=0
or in a matrices from:
'x, vy, [[B,] [O }
R yz__Dn}:{o}

system (7) has a non-trivial solution if

(7)

X1 Yil_g , using “Matlab” soft were (with n = 2) to

X, Y,
evaluate:
1) X:{xl yl}
X Y,
2) [X]

(3) Solution of the equation |X| =0 with respectto (a).

1
_ —rltep* +k* +8p2k2)i[(16p4 +k*+8p%k?f'r? —16p%k2aT * -4k *aT *1F
= 8p2 + 2k
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Or:

— r(p4 +k*+2 pzkz)i [(p4 +k*+2 pzkz)zr2 —4p°k*aT *—4K'aT *F
2p® +2k*

We conclude the following:

(1) The system is stable if o and T* have the same signs.
(2) The system is unstable if oo and T* have different signs.
(3) The system is in neutral stability if T*=0,0r o =0.
Analytical Technique:

In this section the unsteady state ““ perturbation” in three
dimensions is discussed and tested for satisfying Boundary
conditions, and cases which gives us a clear picture of the flow
are shown.

By eliminating ¢ in system (5) we can write:
VO L LV"+LV =0 (8)

Where: le—(3+2k2j , Lzz(k4+3k2—£k2J
R R aR
With the boundary conditions:

V(O)=V(@D)=V'(0)=V'()=0 9

In order to find a solution satisfying the boundary condition,
we must investigate all cases we get from the characteristic
equation.
m*+L;m? +1L,=0
which is algebraic equation of degree four, it has four roots
Thus:

mz:%[_ Lliw/Lf—4L2] (10)

For D? there are three cases (Here “a” is real):
1. 12-4L,<0 2. 2-4L,=0 3. 2-4L>0

15
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each one has many cases.

By investigating those cases and applying the boundary
conditions (9)
the nontrivial solution holds at the following:

)L, —4L, >0,-L, <0 and: |-L|=4L2-4L,
L2 -4L, >0,-L, <0 and: |- L|>4/L?-4L,

In this paper we illustrate the case i only.
The general solution here can be written as:
V(y)=Cit+Coy+C3 COS. 5 y+CaSin sy,  where the roots of the
characteristic equation (10) are :
M=A = 0, A3= iOL, and A = -
The boundary condition (9) gives the particular solution:
V. =C,(1-cos(2nz)y),  where a=2nx
from relations in system (4) we can find the other functions. U,
Pn, Wy, and 6, which establish the perturbation functions uz, va,
W»,p2,ando,as:
u, =i :—2 [2n7z]sin(2nz)ee! ¢t
v, =c(1—cos(2nz)y)e™ et )

K . _
W2 =1 k_i [Znﬂ']Sln(Znﬂ') ye atel(k1x+kzz)

F)2 -— % (2n7Z') Sin(2n;r) ye atei(k1x+kzz)

0, = —3{1 —~ (1 + (Zlim)jcos(2n7r)y}eate“kl“"zz’

a 2
To get a clear picture of the flow by examining two
dimensional disturbance, and the case n=1, k=1, (X))
plane.Therefore k;=1, k=0, w,=0.
Then: u, =i(27)sin(27)ye*e* and v, = (L-cos(2z)y)e"e®
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Figure (1) the directions of the velocity vector.
17

,and the real solution is: wu,=-(27)sin(2z)ye*sinx and
v, =(L—cos(2y))e* cos x
We study the velocity direction field
<Up, Vo> for: 0<x<2r 0<y<1
by noting the following facts:
uo Vo
u2<0 when: V<0 when:
1) O<x<m, 0<y<1/2 T 3
2) n<x<2m, Ya<y<1 2 2
u,=0 when: V,=0 when:
y=0,1 -z 3z
x=0, &t 2 2
2)y=0,1
uz > 0 when v, >0 when
1) O<x<m , 1/2<y<1 1) 0<x<Zand
2) n<x<2m, 0<y<1/2 2
37
2) ——<x<2rx
2
The above figure is a diagram indicating the sign of u, and
the directions of the velocity filed <u;, v,> are shown in the
following figure:
Vo> 0 Vo< 0 Vo< 0 Vo> 0
u>0 / u,> 0\ u<0 / ur< 0\
V>0 V,< 0 V,< 0 V>0
U,<0 U,<0 U,>0 U,>0 . X
z o 3z
2 2




1/2

Stability Analysis for Fluid Flow..

The following figure depicts schematically typical streamlines
(obtained from the above figure) viewed from the positive z
direction:

0 /2 T 3n/2 27

Figure (2): the streamlines.
Conclusion: -

The effect of heating from below was clear, and the ratio
of the temperatures of the two plates plays significant parameter
to the stability.

The analytical method gives us a clear picture of the flow
which is a result of heating effect.
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