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  :الملخص
ي هذا البحث دراسة شروط الحل لمعادلة تفاضلية جزئية معينة ذات شروط حدودية             تم ف 

   . التشويشأسلوبهذه المسألة حلت باستخدام  .متجانسة تحتوي معلمة صغيرة
  هنا تعاملنا مع المعادلة التفاضلية الجزئية  

02 =++ ϕϕϕ wyyxx  

  مع الشروط الحدودية
0),(),( =− bxax yy ϕϕ  

 و
0),(),( sinsin =−

+=+= xwkbyxwkay yxyx εε ϕϕ  

wkwحيث   طبقا لهذه الطريقة فان الحل للمسألة يمثل بالحدود        .  معلمة صغيرة  εثوابت و     ,
  . لتبسيط التشويشالأولىالقليلة 

  
Abstract 

In this paper we study the solvability conditions under which certain 
partial differential equation with homogenous boundary conditions 
containing small parameter has a solution by using perturbation 
technique. 

Here we deal with the following partial differential equation 
02 =++ ϕϕϕ wyyxx  

with boundary conditions 
0),(),( =− bxax yy ϕϕ  

and 
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0),(),( sinsin =−
+=+= xwkbyxwkay yxyx εε ϕϕ  

where wkw ,  are constants and ε  is small parameter. 
According to this method, the solution of the problem is represented 

by the first few terms of a perturbation expansion. 
 
1.  Introduction 

Many of the problems faced to day by physicists, engineers and 
applied mathematicians involve difficulties, such as nonlinear boundary 
conditions at complex known or unknown boundaries can be solved by 
approximation methods. One of them is perturbation method, according 
to these techniques, the solution of the problem is represented by the first 
few terms of a perturbation expansion [5], perturbation methods have 
been used [2] for solving elliptic equations with small nonlinearity. In [4] 
the author used the perturbation method which is given in [6] to find the 
solvability conditions for certain eigenvalue problem of fourth order. In 
[3] various perturbation problem are arise in the theory of lubrication. 

Homotopy perturbation method is applied for solving fourth order 
boundary value problems  by [7].   

In this study we give a generalization of the boundary conditions that 
were given by [1]. Here we deal with the following partial differential 
equation  

02 =++ ϕϕϕ wyyxx                                                                              (1.1) 
with boundary conditions  

0),(),( =− bxax yy ϕϕ                                                                            (1.2) 

0),(),( sinsin =−
+=+= xwkbyxwkay yxyx εε ϕϕ                                          (1.3) 

where wkw ,  are constants and ε  is small parameter. 

 
2.  Solvability conditions for partial differential equations with 

boundary conditions  
The study is divided as the following steps: 
 
I -  Transfer the boundary conditions  

Transfer the boundary conditions from  
byaytoxkbyxkay ww ==+=+= ,sin,sin εε   respectively 

Let   ......),(),(),( 2
2

10 +++= yxyxyx ϕεϕεϕϕ                                     (2.1) 
We note that the boundary condition (1.3) is imposed at      

xkbyxkay ww sin,sin εε +=+= ,  and hence ε appears in the 
argument of  ϕ  as well as in the coefficients. 
 Since the usual procedure in perturbation methods is to equate 
coefficients of equal powers of ε , we will not be able to do that unless ε  
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is removable from the argument. To do this, we transfer the boundary 
conditions from 

bytoxkbyaytoxkay ww =+==+= sin,sin εε  
by a Taylor series expansion. 
        We write   xkbyxkayatyx ww sin,sin),( εεϕ +=+=  
and expanding in a Taylor series about   byay == , ,   we have  

......sin),(
!2

1sin),(),()sin,( 22 +++=+ xkaxxkaxaxxkax wyywyw εϕεϕϕεϕ

......sin),(
!2

1sin),(),()sin,( 22 +++=+ xkbxxkbxbxxkbx wyywyw εϕεϕϕεϕ

  Substituting these Taylor series expansions into (1.3), we obtain  

( )2.2......sin),(
!2

1sin),(),(

.....sin),(
!2

1sin),(),(

22

22

−−−−

−+++

xkbxxkbxbx

xkaxxkaxax

wyywy

wyywy

εϕεϕϕ

εϕεϕϕ

 Now substituting (2.1) into (1.1,1.2 and 2.2) and equating 
coefficients of like powers of  ε ,  we have  
order 0ε   

00
2

00 =++ ϕϕϕ wyyxx                                                                            (2.3) 

0),(),( 00 =− bxax yy ϕϕ                                                                         (2.4) 
0),(),( 00 =− bxax ϕϕ                                                                         (2.5) 

order  1ε  
01

2
11 =++ ϕϕϕ wyyxx                                                                            (2.6) 

0),(),( 11 =− bxax yy ϕϕ                                                                      (2.7) 

xkbxxkaxbxax wywy sin),(sin),(),(),( 0011 ϕϕϕϕ +−=−                   (2.8) 
  
II -   Applying method of separation of variables 
       Since the problem (2.3-2.5) is homogenous and with constant 
coefficients, therefore can be solved by separation of variables as the 
following  
        Let    )()(),(0 yYxXyx =ϕ                                                           (2.9) 

02 =+′′+′′ YXwYXYX                                                                    (2.10) 
0)()(0),(),( 00 =′−′⇒=− bYaYbxax yy ϕϕ                 (2.11) 

                               (2.12) 
 

       Dividing (2.10) by YX  and equating to the separation constants, we 
can write 

0)()(0),(),( 00 =−⇒=− bYaYbxax ϕϕ
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0,2 >=+
′′

=
′′− ccw

Y
Y

X
X                                            

or  
22 ,0 kcXkX ==+′′                                                                       (2.13) 

0)( 22 =−+′′ YkwY                                                                               (2.14) 
      Both equations (2.13, 2.14) have solution  

)(exp ikxX m=                                                                               (2.15) 

),(,cossin 21
2

2
2

1 arbitraryccykwcykwcY −+−=                    (2.16) 
  

Substituting (2.16) in (2.11, 2.12),and we find the determinant of the 
coefficients and equating it to zero, we have  

)17.2(,......3,2,1,2

,2)(,1)(cos
2

22

2222

=⎟
⎠
⎞

⎜
⎝
⎛

−
−=

=−−=−−

n
ab

nwk

nabkwabkw

n
π

π

 

and hence  

))2cos()2(sin()(exp 210 y
ab

ncy
ab

ncxikn −
+

−
=

ππϕ                                (2.18) 
          

 Substituting (2.18) into (2.8), we have   
           (2.19) 

                         
where 

))2sin()2(sin())2cos()2(cos()(2(
2
1

1 b
ab

na
ab

nb
ab

na
ab

n
ab

n
i −

−
−

+
−

−
−

−
−

=
πππππδ

))2sin()2(sin())2cos()2()((cos2(
2
1

2 b
ab

na
ab

nb
ab

na
ab

n
ab

n
i −

−
−

−
−

−
−−

=
πππππδ         (2.20)                           

          
 To find the solution of (2.6,2.7 and 2.19) for 1ϕ , we note that the 
boundary conditions (2.19) is nonhomogenous, then the variables be 
separated as follows 

xkkiyxkkiy wnwn ))((exp)())((exp)( 211 −++= φφϕ                         (2.21) 
        

        Put (2.21) in (2.6, 2.7 and 2.19), we have 
0))(exp())()(())(exp())()(( 2

2
221

2
11 =−+′′+++′′ xkkiyyxkkiyy wnwn φαφφαφ

 

where 
222

2
222

1 )(,)( wnwn kkwkkw −−=+−= αα                                           (2.22) 
0))((exp))()(())((exp))()(( 2211 =−′−′++′−′ xkkibaxkkiba wnwn φφφφ  

xkkixkkixkkib

xkkibxkkiaxkkia

wnwnwn

wnwnwn

))(exp())(exp())(exp()(

))(exp()())(exp()())(exp()(

212

121

−++=−−

−+−−++

δδφ

φφφ
 

xkkixkkibxax wnwn ))((exp))((exp),(),( 2111 −++=− δδϕϕ



Akram Hassan Mahmood 

٥٨ 

        Equating the coefficients of each of exponentials on both sides, we 
obtain  

111111
2
11 )()(,0)()(,0)()( δφφφφφαφ =−=′−′=+′′ babayy                      (2.23) 

222222
2
22 )()(,0)()(,0)()( δφφφφφαφ =−=′−′=+′′ babayy                      (2.24) 

       
The general solution of (2.23) is 

yAyA 12111 sincos ααφ += , and substituting in boundary conditions we 
have 

0)coscos()sinsin( 1111211111 =−++− baAbaA αααααααα  
1112111 )sin(sin)cos(cos δαααα =−+− baAbaA   

hence  

y
ab
bay

ab
ba

1
1

111
1

1

111
1 sin

))(cos1(2
)sin(sincos

))(cos1(2
)cos(cos α

α
ααδα

α
ααδφ

−−
−

+
−−

−
=  

          

Similarly the solution of (2.24) is 

y
ab

bay
ab

ba
2

2

222
2

2

222
2 sin

))(cos1(2
)sin(sincos

))(cos1(2
)cos(cos α

α
ααδα

α
ααδφ

−−
−

+
−−

−
=  

         

Therefore from (2.21), we have  

)25.2())((exp)sin
))(cos1(2

)sin(sin

cos
))(cos1(2

)cos(cos
(

))((exp)sin
))(cos1(2

)sin(sin

cos
))(cos1(2

)cos(cos
(

2
2

222

2
2

222

1
1

111

1
111

1
1

xkkiy
ab

ba

y
ab

ba

xkkiy
ab

ba

y
ab

ba

wn

wn

−
−−

−
+

+
−−

−
+

++
−−

−
+

+
−−

−
=

α
α

ααδ

α
α

ααδ

α
α

ααδ

α
α

ααδ
ϕ

          

         

Substituting (2.18, 2.25) into (2.1), we obtain  

)26.2(......)))(exp()sin
))(cos1(2

)sin(sin

cos
))(cos1(2

)cos(cos
(

))(exp()sin
))(cos1(2

)sin(sin

cos
))(cos1(2

)cos(cos
(()2cos2)(sinexp(

2
2

222

2
2

222

1
1

111

1
111

1

+−
−−

−
+

+
−−

−
+

++
−−

−
+

+
−−

−
+

−
+

−
=

xkkiy
ab

ba

y
ab

ba

xkkiy
ab

ba

y
ab

ba
y

ab
ny

ab
nikx

wn

wn

α
α

ααδ

α
α

ααδ

α
α

ααδ

α
α

ααδ
εππϕ

 

         If either  1)(cos1)(cos 21 =−=− aborab αα ,  the second term 
tends to infinity, and therefore the series (2.26) is nonuniform. 
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        Since ,......2,1,0,21)(cos 11 =
−

=⇒=− m
ab

mab παα  

≈+− 22 )( wn kkw 2222 )2()()2(
ab

mkkwor
ab

m
wn −

≈−−
−

ππ                 (2.27) 

        But 222 )2( mk
ab

mw =
−

−
π   from (2.17), hence (2.27) can be written as 

mnwmwnmwn kkkorkkkorkkk mm=≈−≈+ 2222 )()(   
        To determine an expansion valid when mnw kkk −≈ , let the 
parameter σ     as  σε+−= mnw kkk  
 
III -  Using method of multiple scales  

Using the  method of multiple scales in [5] and seek the expansion in 
the form  

......),,(),,(),,,(),,( 10110010 ++== yxxyxxyxxyx εϕϕεϕεϕ                      (2.28) 
where  xxandxx ε== 10  ,  thus 

......2

......

10

2

2
0

2

2

2
10

+
∂∂
∂

+
∂
∂

=
∂
∂

+
∂
∂

+
∂
∂

=
∂
∂

xxxx

xxx

ε

ε
                                                              (2.29) 

 Substituting (2.28, 2.29) in (1.1,1.2 and 2.2) and equating 
coefficients of likes power of  ε , we obtain  
order 0ε  

00
2

0000 =++ ϕϕϕ wyyxx  

0),,(),,( 100100 =− bxxaxx yy ϕϕ                                                             (2.30)     
0),,(),,( 100100 =− bxxaxx ϕϕ  

order   1ε  

1001
2

1001 2 xxyyxx w ϕϕϕϕ −=++                                                          (2.31) 

0),,(),,( 101101 =− bxxaxx yy ϕϕ                                                             (2.32)                          

000000101101 sin),,(sin),,(),,(),,( xkbxxxkaxxbxxaxx wywy ϕϕϕϕ +−=−            (2.33) 
  

 The solution of (2.30) can be obtained by separating variables, 
however instead of making 0ϕ  contain only one mode, we make 0ϕ  
contain the two modes, the mth and nth mode and hence can be written as 
 

)34.2()(exp)2sin2(cos)(

)(exp)2sin2(cos)(

01

010

xiky
ab

my
ab

mxA

xiky
ab

ny
ab

nxA

mm

nn

−
+

−
+

+
−

+
−

=

ππ

ππϕ
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 where mn kk ,  are defined by (2.17) and mn AA ,  will be determined. 
        Substituting (2.34) into (2.31, 2.33), we have 
 

)53.2()exp()2sin2)(cos(2

)exp()2sin2)(cos(2

01

011
2

2
1

2

2
0

1
2

xiky
ab

my
ab

mxAik

xiky
ab

ny
ab

nxAikw
yx

mmm

nnn

−
+

−
′−

−
−

+
−

′−=+
∂
∂

+
∂
∂

ππ

ππϕϕϕ

 

)exp()sin()2cos

2sin)(2)(()exp()sin()2cos

2sin)(2)(()exp()sin()2cos

2sin)(2)(()exp()sin()2cos

2sin)(2)((),,(),,(

00

100

100

100

1101101

xikxkb
ab

m

b
ab

m
ab

mxAxikxkb
ab

n

b
ab

n
ab

nxAxikxka
ab

m

a
ab

m
ab

mxAxikxka
ab

n

a
ab

n
ab

nxAbxxaxx

mw

mnw

nmw

mnw

n

−
+

+
−

−
−

+
−

+

+
−

−
−

+
−

+

+
−

−
−

−
−

+

+
−

−
−

−=−

π

πππ

πππ

πππ

ππϕϕ

 

  

)36.2())(exp())(exp(
))((exp

))((exp),,(),,(

0201

02

01101101

xkkiAxkkiA
xkkiA

xkkiAbxxaxx

wmmmwmmm

wnnn

wnnn

−+++
+−+

++=−

δδ
δ

δϕϕ

 
where 

nn 21 ,δδ  are defined by (2.20) and mm 21 ,δδ  are also defined by 
(2.20)  if  n   is replaced by   m. 
         To determine the solvability conditions for the first problem, 
substitute   σε+−= mnw kkk     into (2.36), we have 

02

0102

01101101

))2(exp(

))(exp())(exp(

))2(exp(),,(),,(

xkkiA

xkiAxkiA

xkkiAbxxaxx

nmmm

nmmmnn

mnnn

εσδ

εσδεσδ

εσδϕϕ

−−+

+++−+

++−=−
 

012101

012011

))2(exp()exp()exp()exp(

)exp()exp())2(exp()exp(

xkkixiAxixikA

xikxiAxkkixiA

nmmmnmm

mnnmnnn

−−++

+−+−=

σδσδ

σδσδ
                            

                                                                                                            (2.37)            
where 01 xx ε=  
       We note that the terms )exp()exp( 00 xikandxik nm   in (2.35) and 
(2.37) may lead to incompatibilities and solvability conditions must be 
imposed on them. These solvability conditions can be obtained by 
seeking a particular solution corresponding to these terms in the form 
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)exp(),()exp(),( 01011 xikyxxikyx mmnn φφϕ +=                                   (2.38)                   
       

Substituting (2.38) into (2.32, 2.35 and 2.37) and equating the 
coefficients of   )exp()exp( 00 xikandxik mn   on both sides, we have 
 

)2sin2(cos2)2( 2
2

2

y
ab

ny
ab

nAik
ab

n
y nnn

n

−
+

−
′−=

−
+

∂
∂ ππφπφ  

0),(),( 11 =− bxax nyny φφ                                                                       (2.39)                         
)exp(),(),( 1111 xiAbxax mmnn σδφφ =−     

                             

)2sin2(cos2)2( 2
2

2

y
ab

my
ab

mAik
ab

m
y mmm

m

−
+

−
′−=

−
+

∂
∂ ππφπφ  

                                                              (2.40) 
 

)exp(),(),( 1211 xiAbxax nnmm σδφφ −=−                              
         

Thus, determining the solvability conditions 1φ  has been 
transformed into determining the solvability conditions for  mn andφφ . 

We note that the equation in (2.39) is self - adjoint, the solution of 
the adjoint problem can be taken as 

y
ab

ny
ab

nu
−

+
−

=
ππ 2sin2cos  

Multiplying the equation in (2.39) by )(yu  and integrating the result 
by parts from bytoay ==  to transfer the derivatives from utonφ , 
we obtain  

)41.2()(2))2((

))2sin2(cos2())2((

2

22
2

2

abAikuu
y

dyu
ab

nu

dyy
ab

ny
ab

nAikdy
ab

n
y

u

nn

b

a

b

a
n

n
n

nn

b

a
n

n
b

a

−′−=′−
∂
∂

+
−

+′′

−
+

−
′−=

−
+

∂
∂

∫

∫∫

φ
φ

φπ

ππφπφ

 

          

 To find the boundary conditions for adjoint problem, put the right 
side in (2.41) equal to zero and using the homogenous boundary 
conditions in (2.39), we obtain  

0))()()(())()(()(
=′−′−−

∂
∂ aububaubu

y
b

n
n φφ  

        Equating the coefficients of    )()( band
y
b

n
n φφ
∂

∂   by zero, we have  

)()(,)()( aubuaubu ′=′=                                                                  (2.42) 
which are the boundary conditions for adjoint problem. 

0),(),( 11 =− bxax mymy φφ
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       Now from (2.41) and using the nonhomogenous conditions in (2.39) 
and boundary conditions (2.42), we obtain  

)(2)()( abAikxux nn
b
an −′−=′−φ  

)(2))()()()(( abAikauabub nnnn −′−=′−′− φφ  
or 

)(22)2cos2sin)(exp( 11 abAik
ab

nb
ab

nb
ab

nxiA nnmm −′−=
−−

+
−

−
πππσδ  

therefore  

)(2
)2)2sin2)(cosexp((

1

11 ab
ik

ab
nb

ab
nb

ab
nxiAA n

mmn −−−
−

−
=′

−πππσδ         (2.43) 

and this is the solvability condition for problem (2.39). 
       Similarly if  0≠m ,  the solvability condition for problem (2.40) 

)(2
)2)2sin2)(cosexp((

1

12 ab
ik

ab
mb

ab
mb

ab
mxiAA m

nnm −−−
−

−
=′

−πππσδ         (2.44) 

If we let   )exp(,)exp( 1211 xiaAxiaA mmnn γγ ==                         (2.45)          
where  21,, γγ andaa mn    are constants, then it follows from (2.43) and 
(2.44)  

)(2
)2)2sin2(cos(

1

11 ab
ik

ab
nb

ab
nb

ab
naai n

mmn −−−
−

−
=

−πππδγ                      (2.46) 

 

)(2
)2)2sin2(cos(

1

22 ab
ik

ab
mb

ab
mb

ab
maai m

nnm −−−
−

−
=

−πππδγ                      (2.47) 

 

σγγ −= 12                                                                                           (2.48)               
 
Eliminating maand2γ from (2.46) by using (2.48), we have 

)
)(2

)(
)(2

)(2)(2(

)2sin2)(cos2sin2(cos()(

11

2111

ab
k

ab
k

ab
m

ab
n

b
ab

mb
ab

mb
ab

nb
ab

n

mn

nm

−−−−

−
−

−−
−

−
=−

−−ππ

ππππδδσγγ
 

 
or 

0)
)(4

)(2)(2(

)2sin2)(cos2sin2(cos(

2

11

211
2

1

=
−−−

−
−

−−
−

−
−−

−−

ab
kk

ab
m

ab
n

b
ab

mb
ab

mb
ab

nb
ab

n

mn

nm

ππ

ππππδδσγγ
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2
111

21
2

1

)))(2)(2(

)2sin2)(cos2sin2(cos(
2
1

2
1

ab
kk

ab
m

ab
n

b
ab

mb
ab

mb
ab

nb
ab

n

mn

nm

−−−

−
−

−−
−

−
+=

−−ππ

ππππδδσσγ m
 

 

 When substitute the value of 1γ  into (2.45), we find the values of 

mn AA ,  and then substitute in (2.43), (2.44), we obtain the solvability 
conditions of the problems (2.39), (2.40). 
 
3.  Conclusions  

The perturbation method has been applied to find solvability 
conditions of the 2nd order boundary value problem (1.1-1.3) which are  

)(2
)2)2sin2)(cosexp((

1

11 ab
ik

ab
nb

ab
nb

ab
nxiAA n

mmn −−−
−

−
=′

−πππσδ  

)(2
)2)2sin2)(cosexp((

1

12 ab
ik

ab
mb

ab
mb

ab
mxiAA m

nnm −−−
−

−
=′

−πππσδ  

These conditions were satisfied. 
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