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Abstract

In this paper we study the stability of one non-linear autoregressive
model with hyperbolic triangle function polynomial with hyperbolic
tangent function (singular point and it's stability conditions and the stability
of the limit cycle) by using the local linearization approximation method
and we apply this theory results by using some of examples to explain that.
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Studying Stability of a Non-linear Autoregressive Model

Introduction

In the field of discrete time non-linear time series modeling, there
are many different types of a non-linear model. In [1] Ozaki proposed the
method of local linearization approximation to find the stability of a non-
linear exponential autoregressive models.

In this paper we study the stability of a non-linear autoregressive
model with hyperbolic tangent function by using the local linear
approximation method which is used in order to study such models to find
the stability condition (singular point and the stability condition for it and
the limit cycle) and we give some examples to explain this method.

2.Basic concepts of time series

Definition 2.1: A difference equation of order n over the set of k-values O,

1, 2, ... is an equation of the form F(K, Y., Y irs Vi) =0 .

Where F is a given function, n is some positive integer,and k=0, 1, 2, ...

[2].

Definition 2.2: A time series is a set of observations measured sequentially
through time. These measurements may be made continuously through
time or be taken at a discrete set of time points. Then a time series is a
sequence of random variables defined on probability space refered by
index (t) that belongs to index set T. We refer to time series by

X —0 <t <} if T take a continuous values, or 1Xot=02122} i T {akes
a discrete values [3].

Definition 2.3: A time series{X }is represented by a linear autoregressive

model if it satisfies the following difference equation:
Xi+ta X +a,X ,+.+a,X , =2

Where {Z,} is a white noise and a,,a,,......... ,a, are real constants [4].

Definition 2.4:The exponential autoregressive model of order p, EXPAR(P)

is defined by the following equation

p 2
X, = Z(gsj + e )xt_j +7Z,

j=1
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Where {Z} is a white noise and ¢,,....... 4,; 7,,........ ., are the parameters
of the model [5].

Definition 2.5: The bilinear model of order (p,q,m,s) satisfies the equation

p q m S
X =CH+ 2 B X =D 0,2+ > BiXiZij+Z,
i=1 j=1

i=1 j=1

Where p, g, m and s are nonnegative (or integer constants), and{Z }is a

sequence of independent identically distributed random variables and

Brrevvvoer B3 O O3 Vi =1,....m,Vj =1,......s are the parameters of the

model [6].

Definition 2.6: A singular point of X, = f(X, ;, X, y.., X,_, ) is defined as a

' N-p

point¢ which every trajectory of X, = f(X_y, Xy X,_,) beginning

sufficiently approaches near it either for t 5o or for t »>—o. If it
approaches it for t - o0 we call it stable singular point and if it approaches
it for t > —o we call it unstable singular point.

Obviously a singular point ¢ satisfies ¢ = f(¢) [7].

Definition 2.7: A limit cycle of X, = f(X,, Xy X,_,) is defined as an

where q is a positive

means that every trajectory beginning sufficiently near the limit cycle
approaches it either for t - wor for t ——0. If it approaches it for t -«
we call it stable limit cycle and if it approaches it for t —»—0o we call it
unstable limit cycle [7].

Theorem 1:

Let{X,}be expressed by the exponential autoregressive model

X, = (gzil + e Xt )xt_l +Z,
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A limit cycle of period g, X, ;, X, 5y X

t

of the model is orbitally stable

t+q

if <1.

For proof see [7].

The proposed model: A non-linear autoregressive model (polynomial

with hyperbolic tangent function)) of order p is defined by

X, = Sl tanh(X )X, +Z

Where {Z } is a white noise process and 4,........, 4, are the parameters(real

constant) of the model.
3.The stability of the proposed model

In this section, by using the local linear approximation method, we
shall study the stability of a non-linear autoregressive model with a
hyperbolic tangent function with low order such that p=1,2,3.

3.1.1 The singular point

Let we have the following model

X, = 3[4 tanh(X, )X, +2, (1)

i=1
Let p=1, then we have

Xt = [¢1 tanh Xt—l]Xt—l + ZI (2)

Suppose that the white noise has not effect (Z, be minimum, i.e. Z, =0 )
to get a deterministic model which has a limit cycle, and using ¢ = (<),

we get the singular point ¢ as:

¢ =[4 tanh()]e

Or
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£ = tanhl((%),‘?ll‘ <1,(¢ #0),(¢ #0L-1)

0}

(3)

Or equivalently ¢ =2In{(

Therefore, the non-zero singular point is exists if (%) >0, (4 #01-1) .

3.1.2 The stability of singular point:

We will find the stability condition for the non-zero singular point
as follows :

Put X,=¢ +¢ for s=t,t-1, in equation (2)(when p=1), and also suppose

that the white noise has not effect, then we have:

¢ +¢ = dltanh(¢ +¢ )IE +¢0) (4)
226 1 ¢y (8% ~1)-2¢e%¢
Then &, = [2¢1§ ie(zcﬁ)l) = )]gt—l (5)
_ 201R% 14 (8% 1)-2¢6%)
Or ¢, =h&,, ,where h = T (6)

Equation (6) is a first order linear autoregressive model which is stable if
the root 4, of the characteristic equation lies inside the unit circle.

i.e.if |4|=|h|<1.
3.1.3 The limit cycle:
We find the stability condition of a limit cycle (if it exists) as follows:

Let the limit cycle of period q of the proposed model in the equation
(2) have the form X, X,,,, X X... = X,.The points X, near the limit

t+17 “ M2t 1 TN+

cycle are represented as X, = X, +¢,, and the same note on {Z,}when we

find the singular point, then we have

(xt-1+¢t-1) _ o= (Xt-1+¢t-1)
Xt + (t - [¢1 EZ(X“1+;‘-1)+Z(Xt—1+(t-1);](xt—l + é,t—l) (7)
Therefore
24 % el g (e241 _1)—2e2M-1x,)
gt _[ = (eZXt-l +1) : ]é/t—l (8)
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Equation (8) is a linear difference equation with a periodic coefficient,
which is difficult to solve analytically, what we want to know whether ¢,

of (8) converges to zero or not, and this can be checked by seeing whether

;HQ

£is less than one or not [1].

Let t=t+q in equation (8).

2Xt+q-1 2%t+q-1 2Xt+q-1
T e Vi P

Then é’t+q :[ (e2xt+q,1+1) ]é/tqu—l (9)
q
26 Xe.i 2%t4i-1 #( 2Xt4i-1 -1)-2 2Xt4i-1 )
Or §t+q = H[ Rt +(ezft+i—l+1) — 1¢; (10)
i=1

Ctig

Then equation (10) is orbitally stable if <1 (theorem(1)).

t

Therefore, the limit cycle of the propose model is orbitally stable if

g
S| _ 21 X,si082 L + gy (20411 1) 26PNy )
o 1_1[[ (e¥t+i1 41) J<1 (11)
|
3.2.1 The singular point
For p=2, we have
X, =[d tanh X, X, +[¢> tanh® X X, + Z, (12)

Suppose that Z, =0, and ¢ = f(¢), we get
¢ =[g tanh({)]¢ +[¢5 tanh* ()1

Since ¢ #0, then we divide by it to get:

¢ tanh(¢) + ¢ tanh?({) -1=0, and also tanh(¢) = (—¢1¥Z§+74¢5 )

The singular points of the model in equation(12) are

¢ = tanh H(-AHE (13)
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3.2.2 The stability of singular point:

We will find the stability condition for the non-zero singular points
of equation(12) as follows:

e _[4¢1§e“4+¢1(e“4—1)—4¢e24(e24+1)+¢§(4:e24(e“ 1))] e [¢2 (e -1)? 1¢
t - 1 t-2

(e%¢ +1)? (e%¢ +1)?
Or
é/t = hlé/tfl + h2§t—2 (14)
Where

fy = [HAR! rh (et 4 (¥ 1] (17 7 ),
- (e2¢ +1)2

¢35 (% -1)°
=[25—F]

Then from the comparison between the roots of the equation (14) and its
a linear model of order two which have characteristic equation of the
form,

Vi-hv—h, =0=(V-4)(V-14) =V’ = (4 + L)V + A,
Then b= (4 +4).h, =4/,
Where 1,4, are the roots of the characteristic equation of the model.

The stability condition is that |4|<1; forall i=1,2.

3.2.3 The limit cycle:

Let the limit cycle (for the 3rd-order) in equation (12) has the form
X Xis1r Xiyprmenm Xiq = X - The points X, near the limit cycle is represented

as X,=X,+¢,Vs=t,t-1t-2,t—3 and the same note on {Z}, then we

have

Xt—1+4t-1 _ o~ (Xt—1+4t-1)
Xt + é’t = [¢1 ee(xt—1+§t—l)fe—(;t—l"';t—l) )](Xt—l + gt—l) +

1401 g -(xt-1+¢t-1) (15)
(4 ) (X o + &)
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Then, by using maclaurin series expansion for the exponential function we get

. [¢1 (4x_ e 1oL 1) 492 (4x,,0 7t (21 —1)) —4x,e Pt (e 41) ]
; - (621 11)2 é/t—l

(16)
FEE s,

(X1 41)2

Then, we checked whether‘g‘ “'<1 or not.

s [¢1(4X[+q et e Pe e gy 62 (Ax eV (P L)) 4, P (620 )
t+q

(ezmq a1 1) é’t+qfl

¢ ( 2Xt+q-1 1)
e (17)

q . . . . . .
C; . { [¢1 (4Xt+i—1e4XtH_1 +etrt+i-l _1)+¢22 (4Xt+i7262xt+|-1 (e2 Xt+i-1 _1))_4Xt+i92 Xt+i-1 (92xt+|—1 +1) ]
t+q | |

(e2><t+i71 +1)2
2 ( 2X¢4i-1 1)
+ H[¢(ezext+|_ +1) ]}é’t (18)

Therefore, the limit cycle of the purposed model is orbitally stable if

Sual _ ﬁ [ d (Axp e e il 1) 1R (Axy, pe® it (e 1) —4x,, 2L (et +1)]
St o i1 (eZmel +1)2
1=
g5 (P11 -1)° 19)
e +1 —
+Ilvzmuwlﬂ<1
3.3.1 The singular point
For p=3, we have
=[¢ tanh X, ]X,_, +[¢5 tanh® X, ]X,_, +[¢5 tanh® X, _1X, 5+ Z, (20)

Also, suppose that Z, =0, and ¢ = f(¢), we get

¢ =[d tanh(£)1S +[¢; tanh®($)]S +[¢y tanh*(£)1¢,¢ =0 .

Therefore, we get a third order algebraic equation and by using reference

2
[8], we have a, b and c are real constants such that a=%,b= Z; C=—"%
3 3

— 1 2 A3
g=c—sab+%a
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A=c’+2b*—2abc—La’h® +La’c

Caseone: A=0

Then we get three real roots and find it by
X1:_23\/§_%’X2 =%={7-3%

Casetwo: A<0O

Then we get three different real roots and find it by

cos™ + 27K

Xk+1 6V16(q ) cos q = _%lk = 0)112

3

Case three: A>0

Then we get one real root and two complex conjugate roots and find it by
X, =?§/@ +3§/@ _a
X = =3 QL 1) s i B g gt

“aJA | 3[—qeiA - /3 ;3[-ava  3[—qeva
L e R RS UL SRR

The singular points of the model in equation (20) are that
¢ =tanh(x),Vi=123 (21)
3.3.2 The stability of singular point:

To find the stability condition for the non-zero singular points of
equation (20) , (when p=3) as follows:

B0 (% +D) (6% 40P (6% 1) +208% (3% )% +1) 407 (2087 (3% +1)(% -L)+3 (626% (1))
gt _[ (e 2§+1) ]é/t 1

T R 22)

Or

¢ =h<¢. ., +h< ,+h(, 5 is alinear model of order three.
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Where

—62e%¢ (25 +1)2 +4; (€% +1)° (€% —1)+2¢,0e% (322 -1)(e% +1)+¢7 (2467 (3e2¢ +1)(e -1))+43 (6% (¢ -1)? )]

hl [ (€% +1)°

45 ( 1) ¢s (€% -1)°
=[S =[]

The characteristic equation of linear model is v* —~hv*—hyv—h,=0

Then
hy =2+ 4+ 4,0y =—(A44, + Ak + 44).h = 444

Where 1, 4,,4, are the roots of the characteristic equation of the model.
The stability condition is that Vi=123 |4|<1.

3.3.3 The limit cycle:

We find the stability condition for the limit cycle (if it exists) as

follows:

Let the limit cycle (for the 3rd-order) in equation (20) has the form
X Xior Xipgroems Xiyq = X, -The points X, near the limit cycle are

t+1?

represented as X, =X, +¢,,Vs=t,t—1t-2,t-3 and the same note on {Z },

then we have

(xt—1+¢t-1) _ o= (xt—1+St 1)
X + é/t — [¢1 (e(xt —1+<t 1)+Z—(Xt —1+<t-1) ](Xt—l + é/t—l)
e (Xt-1+¢t-1) _o=(t-1+¢t-1) ) 2
+ [¢2 ((e(xt—1+§t—1) +2*(Xt_1+¢t—1) )) ]( Xt—2 + gt—Z) (23)

( )
3 (x-1+61-1) _g=(x-1+¢1-1) )\ 3
+ [¢3 (E:(Xtﬁ(tl) +Z*(Xt—1+§t—1) 3) ]( Xt—3 + é/t—S)

Then

6,62 (¥ 1) 2 (71 41)7 (VL 1)+ 2x, 107 (3P )@ 1) g2 (2x, 487 (362 41) (€D 1)) 45 (Bx, 27 (e -1)?) ] 4
t-1

é/I:[_ t CRETE

¢z( m 1_1)3 ¢3( ZxH_l)a
+[ z(ezem 3 ](I—Z +[ S(ezext_1+1)3 ]([-3 (24)

)
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[ | B € P e A b T g bt )
g~ (e2mq4 A t+(-1

3 1+q1

[¢2 2X1+;q1 ]{ t+9-2 +[ 2X+q1 ]§t+q 3 (25)

( [ b, e“‘*'l D41 4) +¢1 ZXm El +1) (™ a1 )2, gl 1(3EZX+| (e i1 A ¢2(ZXI_i_ZeZX“H(SeZX“H +1)(62X1+\71_1)) +¢§(6Xt_i_3ezxt’i’1(ezxt’”—l)z)] 4
4 H t

(6"

! 2 2X+|11 2Xt+\11
+H[¢2( i) ]4 H[% A g)f (26)

i=2

Therefore, the limit cycle of the purposed model is orbitally stable if

H [ -6 XHeZXHH (e“mfl +1)2 %(e?mm +1)2 (e2xl+|—1 ) ¢1X‘+i7192xt+|—1 (392Xt+|71 _1)(62&“4 +) +¢22 (meize“t-l—l (362xt+|—1 +1)(e2xt+|71 1) +¢33 (6 Xt+i73ele+lfl (EZXm—l _1)2 ) ]

! (ezxt+q71+1)3

q q

+] [} tanh? x,q ]+ 15 tanh® x,,,] <1 (27)
i=2 i=3

4.Examples

In this section we give three examples to explain how to find the
singular points of the proposed model, the conditions of stability of
singular points and the limit cycle, and also we explain the following note.

Note: if the model has unstable singular point, then it has a stable limit
cycle and the converse is also true.

Example(1):

In this example we show that, if the model have unstable singular
point, then the model may have a stable limit cycle.

If ¢ =2, then the model in equation (2) is
X = [Ztanh X’[—l]xl—l + Zt
The singular point:

By using equation(3), we get the non-zero singular point, which is
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¢ = tanhl(%) = tanh(0.5) = 0.55

The stability of singular point:

Apply equation (6), we have that ¢, =1.825¢, , (28)

Then equation(28) is a first order linear autoregressive process.

Since the root 4, =1.825 of the characteristic equation of equation (28) is
lies outside the unit circle, then the singular point is not stable.

The limit cycle:
Let the limit cycle of period g=4 , which is {0.03,0.13.0.26,0.37,0.03}

Then, from equation (11) we get:

4

Ca2Xtyi-l 2Xt4i-1 _1)_2p2Xt+i-1y, .
H[4Xt+|—le +2(e 1)—2e Xt+|)] — 0.178<1

= (ezxt+i—l +1)

Therefore, the model has a stable limit cycle.

Example(2):

In this example we show that, if the model have a stable singular point,
then the model maybe have unstable limit cycle.

If ¢ =-0.9798, then the model in equation (2) is

X, =[-0.9798tanh x,_,]x,_, + Z,
The singular point:
By using equation(3), we get the non-zero singular point, which is

¢ =tanh™( ) = tanh*(-1.0206) = —2.2925-1.5708i

—-0.9798

The stability of singular point:
Apply equation (6), we have that ¢, =(0.90642—-0.064121)¢, , (29)
Then equation(29) is a first order linear autoregressive process.
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Since the root |2,|=0.90869<10f the characteristic equation of equation

(29) is lies inside the unit circle, then, the singular point is stable.
The limit cycle:
Let the limit cycle of period q=4 , which is

{-0.15,-0.4,-0.7,1,-0.15}

4Xt+i7182xt+i-1+2(e2Xt+i-1 ,1),2e2xt+i-1xl+i)] _ 168 -1

(eZXHifl +1)

4
Then, from equation (11) we get: H[

i=1
Therefore, the model has unstable limit cycle.

Example(3):

If ¢ =-0.44444¢, =-0.63158, then equation (12) becomes as
X, =[-0.44444tanh x,_,]x_, +[(-0.63158° tanh®*x_,1x_, + Z,
The singular point:

By using equation(13) we get two non-zero singular points, which are
¢, =0.48133+1.5708i, ¢, =—-1.4304-1.5708

The stability of singular point:
If £, =0.48133+1.5708i

Then apply equation (14) we get
¢, =(-3.5703-8.409)¢, , + (1.9936+ 4.366e — 016i)¢, (30)

The characteristic equation of linear model of equation (30) is
v? — (~3.5703—8.409)v — (1.9936+ 4.366e — 016i) = 0

Then 4 =0.090382-0.20261, 4, =—3.6607—8.2064i are the roots of the

characteristic equation of the model.

Then, the singular point is not stable because of one of the roots of the
characteristic equation |,| =8.9859 lies outside the unit circle.

If ¢, =—1.4304—1.5708
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Then we have :

¢, =(0.0051628-0.54163), , +(0.50161+1.4106e — 017i)C, (31)

The characteristic equation of linear model of equation (31) is
v2 - (0.0051628-0.54163)v — (0.50161+1.4106e — 017i) = 0

Then 2, =0.65701-0.27188,4, =-0.65185-0.26975 are the roots of the
characteristic equation of the model in equation(31).

Since, all the roots of the characteristic equation are lies inside the unit
circle, then the model have a stable singular point.

The limit cycle:
Let the limit cycle of period q=4 , which is
{-0.01-0.1,-2,2,-0.0%}

Then, from equation (19) we get that

4
[—0.44444(4 Xpyige L el _1)10.39(4x,,; et (e2t+i-1 1)) —4x,, ;e t+i1 (2t~ +1)] n
H (eZXtJri—l +1)2

4

'—[[039(6“”' 2’ ]=0.016+ 0.000000064= 0.016000064< 1

T_z (ez Xt+i-1 1)

Therefore, the model has a stable limit cycle.
5. Extract

1- We find the non-zero singular point of the proposed model of order
one and two and three.

2- We find the stability conditions of the limit cycle of the proposed
model of order one and two and three.

3- We explain the stability conditions of a non-zero singular point and the
stability conditions of the limit cycle in three examples and find that the
model of order one. Example(1) is not stable singular point and a stable
limit cycle and find that the model of order one. Example(2) is stable
singular point and unstable limit cycle and find that the model of order
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two. Example(3) have a two complex singular points ¢, , £, one of them
¢, is not stable and the other ¢,is stable, and the model is a stable limit

cycle.
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