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  الملخص

تم إجراء دراسة نظريـة لتغيـر        كرونشين وعدد من معادلات الحالة       باستخدام تقريب 

ترددات اهتزاز شبيكة الألمنيوم وتغير كثافة الأنماط مع الضغط من خلال تحليل طيف التردد              

  . الفونوني للألمنيوم

ل إن التغير بالحجم النوعي للبلورة يؤدي لتغير ترددات اهتزاز الـشبيكة مـن خـلا              

يعرض هذا البحث إمكانية التغلب على هذه الـصعوبات باسـتخدام تقريـب             . إجراءات معقدة 

  ·مرنكهان ومعادلة فينت-برخ، كرونشين ومعادلات الحالة لمرنكهان
  
 

ABSTRACT 
           A theoretical study was made of the pressure dependence of     
lattice frequencies and distribution function for aluminum by analyzing 
phonon frequency spectrum, using Grüneisen approximation and many 
equations of state (EOS).                                                                           
           Each change in the specific volume of a crystal excites a change in 
the frequencies of  lattice vibration in a very complex manner . This work 
shows how this complexity can be overcome at least approximately depe- 
nding on Grüneisen approximation and Murnaghan , Birch- Murnaghan 
and Vinet equations of state.                                                                       
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1. Introduction:    
 

 Materials at high pressures occur at centers of planets and in stars 
and in both natural and man made explosions. High pressures may also be 
applied to small laboratory samples in a controlled manner using devices 
such as the diamond anvil cell (DAC). The static pressure applied in 
DAC is a continuously variable parameter which can be used for 
systematic studies of the properties of solids as a function of the 
interatomic distance [1].  
          One of the interesting phenomena that may occur under applied 
pressure is a sudden change in the arrangement of the atoms. The Gibbs 
free energies of the different possible arrangements of atoms vary under 
compression, and at some stage it becomes favorable for the material to 
change the type of atomic arrangement [2]. A phase  transition is said to 
have occurred if the change is discontinuous or continuous but with a 
change in crystal symmetry.                                                                          
           The pressures achieved in a DAC  can  lead to a reduction in the 
volume, causing enormous changes to the inter-atomic bonding. The 
properties of the high–pressure phases may be very different from those 
under normal conditions.                                                                            
           The equation of state (EOS) of a system describes the relation 
among thermodynamic variables such as pressure, temperature and 
volume. It provides numerous pieces of information relating to the non-
linear compression of a material at high pressure, and has been widely 
applied in engineering and other scientific research. Recently, rapid 
advances in computational capabilities and accurate high pressure 
experimental techniques have given a strong impetus to theoretical work 
[3]. In present work an evaluation of the effect of pressure on lattice 
varibration and mode density for (Аl) has been achieved. A suitable 
approximation of the change in frequencies due to change in specific 
volume of a crystal, the Grüneisen approximation, using Murnagha EOS, 
Birch-Murnghan EOS and Vinet EOS.                              
                   
                                                                                                                               
2.  Theoretical  Details :-  
                                                                

2.1. Equation of state :- 
  

.1.1. Murnaghan Equation of state :-2 
          In the Murnaghan approximation, an isothermal relation between 
pressure (P) and volume (V) for solids is derived from the assumption 
that isothermal bulk modulus (B) is a linear function of P. [4].                       
Make a Taylor expansion of the adiabatic bulk modulus [5]                                   
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Bs- Adiabatic bulk modulus at pressure                                                   
Bos- adiabatic bulk modulus at atmosphere pressure                   

sB′   - Pressure bulk modulus derivative(adiabatic),dimensionless                    
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2.1.2. Birch-Murnaghan EOS [6] :-  
This EOS based upon the assumption that the strain energy of a 

solid undergoing compression can be expressed as a Taylor series in the 
finite strain.                                                                                                    
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BoT- thermal bulk modulus at atmosphere pressure   

- Pressure bulk modulus derivative, dimensionless   TB′   
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2.1.3. Vinet EOS([7] & [8]) :- 
This EOS derived from a general inter-atomic potential [9]. For 

simple solids under very high compressions the resulting Vinet EOS 
provides a more accurate representation of the volume variation with 
pressure.              
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2.2- Grüneisen parameter :  

The Grüneisen parameter is of great importance for thermal 
equation of state of materials at high pressures, as it treats thermal effects 
at high pressures.                                                                                     

In the Mie – Grüneisen theory of thermal expansion of solids, the 
Grüneisen parameter γ is defined by [10].                                                                              

                                                               
                       ……………….(5)    

 
Where                                                                                                     

 αv -volume coefficient of thermal expansion                                           
 BT -  isothermal bulk modulus                                                                   
 Cp , Cv – are the specific heat at constant pressure and constant volume. 

      ρ  - density                                                                                
   

The connection between the frequencies υ and υp of corresp- 
onding vibrations at specific volumes V & Vp , using Grüneisen approx- 
imation ,given by the following expression [11].    
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By considering the physical significance of the distribution 
function of the frequencies ,the relation between the function  g(υ,v) for a 
volume V and the analogical function g(υ,Vp) for a volume Vp is  .                               
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3. Computation and Results: 
 

         The frequency distribution function of aluminum (Fig. 1) had been 
calculated by [12] base on the Z- neighbor model in which the 
interatomic forces are restricted to interactions with the first and second 
neighbors.                                                                                                     
                       
           
  
 
 
 
 
 
 
 
 
 
 
 
  
 The above pfs has been calibrated using Matlab 7.5 (spline) where 
the corresponding g(υ) value for each  υ is obtained. (Gandoin & Foulks, 
2002)[13] gave the value of bulk modules for Al (B=813 kbar), and its 
pressure derivative (B\ =4.27).Hence Murnaghan EOS of state for Al can 
be expressed in the form. 
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Combining equations 8 and 6, one obtain                                                     

 
………………..(9)  

  
        Where γ =2.14 for Al  [14].              

 
 Equation (9) represent the effect of pressure on lattice vibration. 
(Fig.2) illustrates frequencies shift to higher frequencies for certain 
pressure in addition to represent Al phonon frequency spectra at different 
pressures.              
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Fig.1: phonon frequency spectrum for Aluminum[12] 
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 The dependence of the distribution function on specific volume  for 
Al evaluated by equation (10) which obtained from equations(7and 8). 
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 (Fig.3) show the variation of g(υ) only with pressure, while (Fig.4) 
shows the effect of pressure on both (υ) and g(υ) simultaneously for 
different values of pressures.                                                                
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Fig.3: Variation of mode density, only, with pressure (kbar) 

for aluminum, using Murnaghan EOS.                      
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 for aluminum pfs  using Murnaghan EOS. 
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         Using equations (3 and 4) with BoT =727(kbar) and B\

T=4.14 [2]. 
Figs(5 and 6) represent the variation of pfs for Al with pressure using 
Birch EOS and Vinet EOS respectively. 
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Fig.4: Variation of both υ and g(υ), simultaneously with pressure (kbar) 
for  aluminum, using Murnaghan EOS. 
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for  aluminum, using Birch-Murnaghan EOS       

g(
υ)

 
 

P=0 

P=200 

P=399 
P=600 

P=799 



Pressure Dependence of Frequencies and Frequencies … 

   121

 
  

 
 

 
  

        
 
 
 
 
 
 
 
 
 
Table-1  summarize comparison for variation, with pressure, of aluminum 
lattice frequencies and its mode density, using Murnghan, Birch-
Murnghan and Vinet equations of state. 

 

Vinet EOS Birch-Murnghan EOS Murnghan EOS 
gmax(υ) maxυP(kbar) gmax (υ)maxυ P(kbar)gmax(υ) maxυ P(kbar) 
7.462 96 0 7.462 96 0 7.462 96 0 
5.058 141.6197 5.037 142.2 200 5.206 137.6200 
4.08 175.6389 4.043 177.2 399 4.232 169.3400 
3.519 203.6576 3.462 206.9 600 3.656 195.9600 
3.149 227.4756 3.077 232.8 799 3.265 219.4800 
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Table-1: Variation of Al lattice vibrations and mode density 
with pressure using different EOS.                            

Fig.6: Variation of both υ and g(υ) ,simultaneously with 
pressure (kbar) for  aluminum, using Vinet EOS              
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Fig.7: Variation of aluminum (Vp/Vo) with pressure using 
different EOS as compared with experimental data.     
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−    Exp. Hänström and Lazor   
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4.  Discussion : 
 

  High pressure induce change in lattice constant and consequently in 
specific volume of a crystal [15] .Each change in the specific volume of a 
crystal excites a change in the equilibrium position of the atoms and in 
turn a change in the frequency spectrum .Even if we confine ourselves to 
isotropic changes in volume the frequencies of vibrations will change as a 
function of change in specific volume in a very complex manner. If, 
however, we consider all the difficulties in calculating the frequency 
spectrum of a crystal, it is unthinkable to perform further calculations for 
the different specific volumes. This work shows how these difficulties 
can be overcome at least approximately depending on Grüneisen 
approximation and Murnaghan EOS, Birch-Murnghan and Vinet EOS, 
especially that this approximation gives a reasonable interpretation [16] 
for the high pressure data of silver [17].                                                        
  
 Although all the three EOS shows different values shift to higher 
frequencies and decreasing in g(υ) at high pressure we suggest that Birch-
Murnghan EOS represent the best results for variation of Al pfs with pre-
ssure as this equation gives the best fit for variation of specific volume    
with pressure as shown in Fig. (7).                                                    
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