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ABSTRACT

The aim of this paper is to establish a new method for calculating
generalized curvature and generalized torsion. This method depends on at
least three points infinitely close to the considered point. The established
method is characterize from other methods by using only dot and cross
product of vectors combined from this points, without any parameter that
interacts in the defined curve by using some concepts of nonstandard
analysis given by Robinson A. and axiomatized by Nelson E.

1- Introduction: -

In this paper the problem of obtaining the generalized
curvature[6], [7], and generalized torsion[8], is considered and studied
by using three points infinitely close to the given point. This method is
different from the two methods given in [7], [8] and [9], and it has an
advantage that it does not depend on any parameter which interact with
the curve.
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The following definitions and statements of nonstandard analysis
will be needed throughout this paper. [3], [9], [10], [11], [14], [15], [16].

The axioms of IST (Internal Set Theory) which given by Nelson
E. [11] are the axioms of ZFC (Zermelo-Fraenckel Set Theory with
Axiom of Choice) together with three additional axioms, which are called
the Transfer principle (7'), the Idealization principle (I), and the
Standardization principle (§'), they are stated in the following

1- Transfer principle (7'):
Let A(x,t,,...,t,) be an internal formula with the free variables
X,t, ...,t, only, then

V%, -Vt (VX A(Xot,,...01,) S VX(Xo1,5...51,))

2- Idealization principle (1):
Let B(x,y) be an internal formula with the free variablesx, y
and with possibly other free variables. Then

Vst fin z Ix Vy €z /\B(x,y) = HXVSty /\B(st’)

3- Standardization principle (S):
Let C(z) be a formula, internal or external, with the free variable z
and with possibly other free variables. Then

V'x 3y V'2(zeyozex AC()

Every set or element defined in a classical mathematics is called
standard.

Any set or formula which does not involve new predicates “standard,
infinitesimals, limited, unlimited...etc” is called internal, otherwise it is
called external.

A real number x is called unlimited if and only if |x|> r for all

positive standard real numbers, otherwise it is called limited.

The set of all unlimited real numbers is denoted by R, and the set of
all limited real numbers is denoted by R

A real number xis called infinitesimal if and only if ‘x‘ < rfor all
positive standard real numbersr .

A real number x is called appreciable if it is neither unlimited nor
infinitesimal, and the set of all positive appreciable numbers is denoted

by A"
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Two real numbers xand y are said to be infinitely close if and only
if x— y is infinitesimal and denoted by x = y.

If xis a limited number in R, then it is infinitely close to a unique
standard real number, this unique number is called the standard part of
x or shadow of x denoted by st(x)or "x.

Necessary definitions in classical and non classical geometry can be
found in [4], [5], and [12].

By a parameterized differentiable curve, we mean a differentiable map
:1 R’ of an open interval I =(a,b) of the real line R in toR such that:
(0)=(x(1), y(t), z(£)) = x(t)e/+ y()e;+ z(t)e;; and x, y, and z are
differentiable at ¢ ; it is also called spherical curve.

Let [1: I JR?, I =(a,b), be a curve parameterized by an arc length
s, and its tangent vector bel | ' which has a unit length, then the measure of
the ratio of change of the angle with neighboring tangents made with the
tangent at s is known as a curvature of the curve [| at s ,and it is given

by |£"(s))-

The torsion of the curve(l: I [J R’ at s is define by |<g (Ox£"(0).2 ";(t)>|
g'O)xg"(2)

Theorem [6]

Let y be a standard curve of order C"and A be a standard singular
point of order p-1 on y; and let B and C be two points infernally close to
the point A, then the generalized curvature of y at the point A is given as
follows and denoted by K

q q
N, v @)y, @) _ (@), (P) N, 14, P) (q)
(p ')p ‘x y aliy ‘= (p .)p ‘7 7 ‘, where q is the order

q+p 7.,
W+ @)? »?) 2p Wy |r
q![x" +y q:\”

of the first vector derivative of Y not collinear with Y .
Theorem [§]

Let ybe a standard curve of order C"and A be a standard singular
point of order p-1 on y; and let B and C be two points infernally close to
the point A, then the generalized torsion of the curvey is given as follows

and denoted by 7; .
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4

0+ (p)7 (P7€)xre,)) e,

s—q—

st (e xr e,y

where  is the order of the first vector derivative of ynot collinear
with ¢

2- Main Results:-

Theorem 2.1
Let ybe a standard curve of C*in R®. If B, C and D are three
points infinitely close to the point4=y(z,) such that the curvey at A4

admitting at least three derivative vectors not coplanar then, the
generalized torsion is given by

. KAB xAC,AD>‘

N | =

HR S D T [

(4B x4C),(4B xAD)>H<(AC x4D),(BC x BD))

}

5

where p, ¢ and s, (p< ¢< s) are the first derivative orders such that
(7,(1:)’7(-1)’7@) )¢ 0.

Proof:
By transfer (7') the curve y and the point 4= y(¢,) can be taken

standards and let

B=y(t,+asn)

C=y(@,+as)

D=y, +a) with ‘a="¢="n=0

By using Taylor development to the orders we get:

- (P)t (‘I)t R (S)t N o
AB = a"g"n"}/—("’)+---+a"a"77"y—("’)+---+a°8°n°}/—('”) +o,a’e'n’;  --(2.1.1)
. ®) @) QYN
A = apgp }/—(to)+...+ang }/—(t")+...+as8sy—(t") +52asgs; ...(2.1.2)
p! q! s!
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. ®) @) g 2\
AD = o’ Y (to)+. ‘17—(1‘")+...+a5y—(t”) +53as, (2.1.3)
p! q! s!
thus
i a-2p q-2p
q-2p P\ 2p (q) (s) s 2p
HAC ¥ o= La_J p 7(p)(t,,)+---+a""’g""’7—(t”)+---+as"’es_”7—a”) +8a°"
p! (q-p)! (s—p)!
= q-2p
P P 2 )
~ [a € ) i H}/(p)(to) " . (2.1.4)
p!
and also
L 2523 o 282—1)3q (q)(t ) (s)(t )s 2s2—p3‘1
HAD TS (_} y ) +rat? L g L) 5 g
p! (q-p)! (s—-p)!
25—3¢q
p 2 2s—3¢
~ (a_' ’ ‘}/(I’)(to) 2p "'(2.1.5)
D
Now we put W.=AB xAC W,=AB xAD W,=ADxAC and
¥, = BC xBD
. p+q L ptq
then W, =un"(l—nq“’)(7"(t(,)x 7"(t0)+inf) ;
p'q!
. ptq o p
w,=2 .gv " (1= e Ny (e, )<y (t,)+inf) ;
P-9q-
—  gPtig? B .
W, = plq! (77 = 1)y, xp*(¢,) +inf)
and
W’= a’ie? (l_ﬂpxl_gqﬂqup(t )X}/q(t )+|nf)
Y oplg! ’ ’ ’
thus
. Ap+q) 2p+q ) 2
‘<W1,W2> =————n" |y e)xr'e,)|
(plq?)
and
2p+q) 2p
_ a E 2
‘<W3,W4>E—ZH;/"(to)xy"(to) .
(plq?)
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Therefore
e | | 4(p+q)
= e
and
. % a(p+q)82" » .
) =
Therefore

]z; a'” _qé' 'y’ Hyﬁ(t )H H},ﬂ(t )%y @, )H

(pY)r (@)

HAC 1D 22;,,[

W)

W)

and we have

SHIAP Lq+P P
& n

(1-77)(r" e, )% 7" €, @,)

‘<ABxAC,AD>‘=a

plq!ls!
- “p,;,s,” e er )
Hence
ULV ULLY UL =g
KABxAC AD>\ _at(pY < D@, )x7 e, )" e,))
HAC G %Z’LﬁUL‘WN uﬁ/N> <%/1:’ %/1‘:”2 SVH},mH H YOu )y DE,) H
That is
AB xAC ,A
. ‘< B x D>‘ 1

[<c H [4p H H<(AB xAC),(AB xAD)>H<(AC x AD),(BC x BD )>H2

The following theorem gives some equivalent formulas of the generalized
curvature. Studies of other types curvatures can be found in [1], [2], and
[13]
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Theorem 2.2
Let ybe a C”standard curve in R®, and let B, C and D are three
points infinitely close to the point 4 =y(z,) such that the curvey at A

admitting at least two derivative vectors not colinear, then the following
given formulas are equivalent:

N (P) 3¢ @ %X%%X%
o= e
Lok, = _

. S [

ABXAC,ADxAC uuuyY  uuuY

N (ABxAC ADxAC) ) .
5 2. ) e o

s JiE-ACAB i) e
H%HH%X%HH%Z H%HHAIML’BYZ
ABxAC,BCxBD uuug  uuur

4 (ABxACBCxBD) X (5~ 5
5] [35-4¢| |4 L

Proof:

We can check the equivalency of all given formulas either by
circular equivalency (1=>2=...=8=1)or by proving equivalent of
each formula with the general curvature
Now we prove 1< 2 and 1< 6

oM e
‘<ABXAC,ADXAC> < p!q!np(yp(to)x}’p(to))a plg! (7p(t0)><7"(t0))>‘
>
B BEXEDL[BC S s . g e ) '(avgvp J e
p! plg! p!
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a((p)q)" e < rrenf

2p+2 2p+
aP quqp

oy el -l @oxr e
ply gq'!

B (p ,)f, H7(p) x},(q)H

q
(p)H,,“

q!r

Thus
(ABxAC).(ADAC)

.|

q
D

] ¢ < 5] |5

Now let us prove the equivalency of the formula 6 with the first formula

+q
T e -t €)% @,)
Dq-

|BC xBD| .

al HE‘Z a:,fp @) [;""J e, )HZ

That is
3¢ 5B _ ﬁ:(1+rf)(1—eqrf)(y"(ta)xy"(t0))
jBe| (g5 e Hyp(to)u{fj.Hyp(to)uz

) (p ,);I, Hy(p) ><7,(q)H

q
(p) ;H

q !H7
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Thus

BC xBD|

Ko = L]Y uy,
|z |so

9
p

Similarly way we can prove that the other formulas are equivalent to “K .
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