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 In logistic regression models, the maximum likelihood (ML) method is always one of 

the commonly used to estimate the model parameters. However, unstable parameter 

estimates are obtained as a result due to the problem of multicollinearity and the mean 

square error (MSE) gotten cannot also be relied on. Several biased estimators has been 

proposed to handle the issue of multicollinearity and the logistic Yang and Chang 

estimator (LYC) is one of them. Likewise research has also made us to understand that the 

biasing parameter has effect too on the value of the MSE. In this paper we proposed seven 

LYC biasing estimators and they were all subjected to Monte Carlo simulation studies and 

Pena data set was also used too. The result from the simulation study shows that LYC 

estimators outperforms the Logistic Ridge Regression (LRR) and the ML approach. 

Furthermore, application to Pena real data set also conform to the simulation results. 
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Introduction 
 

     In multiple regression models, multicollinearity occurs when the explanatory variables are collinear, which was first 

introduced by Frisch [1]. This is a common occurrence in applied research. Using ordinary least squares (OLS) or maximum 

likelihood (ML) to estimate linear regression models and logit regression models leads to high variance and unstable 

parameter estimates. As a result, multicollinearity may lead to questions about the validity of the regression analysis 

conclusions. In the past few decades, ridge regression (RR) has been widely used as a corrective measure for linear 

regressions, with a lot of research focusing on estimating the ridge parameter k. Hoerl and Kennard [2,3]  initially proposed 

ridge regression. Several studies have been conducted on the subject, including Gibbons [4], Lawless and Wang [5], Dempster 

et al. [6], Hoerl and Kennard [2], Hoerl et al. [7], McDonald and Galarneau [8], Alkhamisi et al. [9], Alkhamisi and Shukur 

[10], Muniz and Kibria [11], Muniz et al. [12], and Månsson et al. [13], Lukman and Ayinde [14], Ayinde et al [15]  and 

others too. However, much attention has not been given into the logit model and those that worked on it are researchers like 

Schaeffer et al. [16], Schaeffer [17], Månsson and Shukur [18], Kibria et al [19], and few others. These researchers only 

focused on Ridge regression and no or little attention is given to other biasing parameter k emanating from other estimators 

too. 

   The main focus of this paper is to propose some Logistic Yang and Chang (LYC) estimators based on the work of Kibra [20] 

and Kibra et al [19]. Since it is anticipated that these estimators will have lower mean squared error (MSE) than that of the 

logistic ridge regression (LRR) and ML. The MSE is computed in order to assess the estimators' performance. 
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    The work is structured as follows: we provide a description of the materials and statistical methods in Section. 2. Section 3 

discusses the simulation and numerical findings. Section 4 provides a succinct overview and conclusions. 

Materials and Methodology 

On the basis of the research of Kibria [20] and Kibra et al. [19], we suggest a few LYC estimators in this section for estimating 

the biasing parameter k. 

Logit Regression 

Logit regression has always been one of the commonest method in statistic that is applied whenever the ith value of our so 

called dependent variable (y) of the regression model follows a Be (πi ) distribution with the following parameter value:  

 
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                            (1) 

Where 
'

ix  is the ith row of X, and is a )1(  pn data matrix, having p explanatory variables and such that  is a 

  11 p  vector of coefficients. Using the Maximum Likelihood technique, which maximizes the following log likelihood, 

is one of the most used ways to estimate  and can be expressed as: 
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This can be achieved by setting the first derivative of the above expression to be equal to zero. Hence, the ML estimates are 

found by solving the subsequent equation: 

Setting the first derivative of the aforementioned equation (2) to zero will do this. Therefore, the following equation below 

must be solved in order to find the ML estimates: 
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The iterative weighted least square (IWLS) algorithm is used: 

  zWXXWXMLE
ˆ'ˆ'ˆ 1

                                        (4) 

Where the following are the expression of Ŵ  and ẑ  respectively 

 iiW   1ˆ  and ẑ  is known to be a vector where the ith element equals 

 
 ii

ii
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Since equation (3) is nonlinear in  , we can express the MSE of the ML estimator as: 
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 j is said to be the jth eigenvalues of the XWX ˆ  matrix.  

Logistic Ridge Regression Estimator 

 Schaeffer et al. [16], proposed LRR estimator, as a substitute to the ML estimate that mitigates the problem of 

multicollinearity, Instead of directly estimating the coefficients of the regression model, the LRR estimator focuses on 

estimating the inverse of the covariance matrix. By doing so, the LRR estimator effectively reduces the impact of small 

eigenvalues caused by multicollinearity, resulting in a more reliable and robust estimation of the regression coefficients. The 

LRR estimator is defined as: 

  MLELRR XWXkIXWX  ˆˆ'ˆ'ˆ 1

                     (6)  

k is the biasing parameter, Ŵ  and MLE̂ is the MLE̂  estimates derived by equation(4). The LRR estimator MSE can be 

expressed as: 
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Logistic Yang and Chang Estimator 

The Logistic Yang and Chang (LYC) estimator, which is a special estimator of Liu and ridge estimator combined was 

proposed by Awwad et al [21] and it also handle the problem of multicollinearity effectively too. The estimator LYC is 

defined as: 

     MLELYC XWXkIXWXdIXWXIXWX  ˆˆ'ˆ'ˆ'ˆ'ˆ 11 

                                (8) 

k and d is the biasing parameters, Ŵ  and MLE̂ is the MLE̂  estimates derived by equation(4). The LYC estimator MSE can 

be expressed as: 
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                    (9) 

where 
2

j is expressed as the jth element of  and  is known to be the eigenvector expressed as   XWX ˆ , where 

 
jdiag  . 

The Proposed Estimators. 

    A ridge parameter can be chosen in many different ways, however, a number of approaches have been put out for the linear 

RR model, and these have been extended to the logistic ridge regression model. In the classical RR a biasing parameter k from 

the works of Hoerl and Kennard [2,3] is as expressed as follows: 
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The above biasing parameter was also adopted to have the following biasing parameter proposed by Kibria [20] as stated 

below 
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Later on, both equation (10 & 11) was adopted into the LRR by Schaeffer et al. [16 and Kibra et al [19] respectively. 

However the biasing parameter k for LYC can be gotten from the MSE 
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Given that d is fixed, an ideal value of k is the value that will be to minimize  LYCMSE ̂ .  

Then, by differentiating  LYCMSE ̂  w.r.t. k and equating to 0, we have k as below: 
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However, k depends on the unknown j . For practical purposes, it will be replaced by its unbiased estimator
2ˆ
j . Hence, this 

will be obtained as: 
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As an operational estimator for k. Furthermore, when d = 1, the above equation returns back to the k proposed by Schaeffer et 

al. [17] which is expressed as: 
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Following the works of Schaeffer et al. [16], Kibra [20] and Kibra et al [19] the following biasing parameter k for Yang and 

Chang are proposed as: 
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Furthermore, the optimal value for d can also be derived by minimizing  LYCMSE ̂  in equation (12) 
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Noting that when k =0 the above equation leads to the Liu biasing estimator, the above estimator would be 

   

 












p

i

ii

p

i

ii

optd

1

2

1

2

1

1ˆ
ˆ





                        (22) 

The Monte Carlo Simulation 

    This paper's major goal is to determine how multicollinearity impacts ML, LRR and LYC Estimators. Therefore, the most 

important variable in the experiment is the degree to which the regressors were correlated. Hence, we generate the explanatory 

variables by using the following formula, which lets us adjust the correlation's strength: 
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2/121     i=1, 2,…, n, j=1,2,…,p                   (23) 

The degree of correlation between the explanatory variables is referred to as  
2   and ijz is also the pseudo random numbers 

from the standard normal distribution. The four various levels of  considered are said to be 0.8, 0.9, 0.95 and 0.99. Likewise 

the dependent variable is also derived from the   iBe   distribution where 
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We set 1 , according to Newhouse and Oman [22] statement that if our MSE is a function of  , 
2 and k if all the  

explanatory variables used are fixed, we can then say  that the MSE is minimized when this coefficient are choose. Models 
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and Kibria [11], Idowu et al [26], Owolabi et al [27,28], Månsson and Shukur [18],  among others we can get more detailed 

information on simulation procedures. 

  

Results and Discussion based on Simulation 

    Findings from Monte Carlo investigation are all presented. The MSE values of all the estimators for Monte Carlo study are 

shown in Table 1- Table 3 and that of real life is in Table 4. Also, the outcome of varying the different factors we used in this 

study on the ML, LRR and LYC estimators are discussed too. 

Table 1 Estimated MSE for different estimator when p=2 and 4 

      MLE LRR LYC LYCMED LYCAM LYCHM LYCMAX LYCMIN LYCMR 

20 

0.8 
P2 15.7012 0.8669 1.2025 0.9676 0.9676 0.7260 0.8100 5.1743 0.9676 

P3 24.7418 1.2913 2.0600 1.5576 0.9536 0.7188 0.7497 7.5635 0.9519 

0.9 
P2 18.9648 1.5806 2.1055 1.7638 1.7638 0.9226 1.2596 6.3612 1.7638 

P3 45.9319 2.5406 3.8055 3.4579 1.8574 0.6825 1.1125 2.3387 1.7788 

0.95 
P2 33.0799 2.8735 3.6370 3.5172 3.5172 1.3650 2.2381 15.9088 3.5172 

P3 118.2331 5.4285 7.3578 8.2295 4.2553 0.7580 2.1636 10.9160 3.9622 

0.99 
P2 41.2311 14.2273 15.2330 20.8501 20.8501 6.1897 12.5252 27.1860 20.8501 

P3 323.0345 28.4999 37.3550 47.8129 28.9098 2.5166 14.6529 43.8784 27.3260 

30 

0.8 
P2 852.0 0.8921 1.2706 1.6479 1.6479 0.6506 0.8444 85.1341 1.6479 

P3 40.0 1.3235 2.0820 1.1955 0.7060 0.7367 0.6579 2.7215 0.7172 

0.9 
P2 3.3957 1.1102 1.6140 0.9092 0.9092 0.6925 0.7729 2.0927 0.9092 

P3 57.2895 1.8766 2.8766 1.8023 0.9592 0.6693 0.7402 5.0297 0.9333 

0.95 
P2 6.8001 2.0606 2.7707 2.1703 2.1703 1.0832 1.5673 4.9591 2.1703 

P3 72.3784 3.9599 5.3176 4.6710 2.3247 0.6986 1.4299 23.8521 2.2156 

0.99 
P2 33.6745 9.4476 10.0045 13.7039 13.7039 4.2315 8.3740 30.7374 13.7039 

P3 114.9015 20.6633 24.1214 29.3686 13.9822 1.4808 6.9275 154.2833 12.6276 

40 

0.8 
P2 1.0500 0.4647 0.7297 0.4130 0.4130 0.4453 0.4117 0.5853 0.4130 

P3 1.9671 0.7233 1.0681 0.6170 0.5642 0.7113 0.5957 1.2121 0.5819 

0.9 
P2 2.0654 0.7919 1.1649 0.6758 0.6758 0.6164 0.6307 1.0988 0.6758 

P3 4.0375 1.2530 1.7422 1.0173 0.7921 0.6553 0.6757 2.4140 0.7871 

0.95 
P2 3.9378 1.3514 1.8909 1.3221 1.3221 0.9298 1.1088 2.4407 1.3221 

P3 7.8012 2.2170 3.0394 2.1573 1.4233 0.6109 0.9856 4.9249 1.3904 

0.99 
P2 19.4569 5.8467 6.4598 8.1060 8.1060 3.0853 5.4174 16.7178 8.1060 

P3 39.6774 10.3239 13.0468 13.9107 7.1394 1.0158 3.8367 31.8973 6.5902 

Bold values show the smallest MSE 

In Table 1 is the estimated MSE values when n is 20, 30 and 40 for explanatory variables, p=2 and 3 it can be observed that 

the LYC with the biasing parameter k of the Harmonic version gives the lowest MSE in all cases except when n is 40, p=2 and 

ρ= 0.8 likewise for when n is 40, p=3 and ρ= 0.8. 

 

Table 2: Estimated MSE for different estimator when p=5 and 6 

      MLE LRR LYC LYCMED LYCAM LYCHM LYCMAX LYCMIN LYCMR 

200 
0.8 

P5 0.6437 0.3082 0.6918 0.2117 0.3041 0.7669 0.4480 0.4711 0.3707 

P6 0.8897 0.3619 0.7920 0.2103 0.3533 0.8563 0.5380 0.6147 0.4492 

0.9 P5 1.3254 0.5094 0.9017 0.2870 0.3427 0.7419 0.4584 0.8895 0.4007 
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P6 1.8711 0.6049 1.0433 0.3291 0.3711 0.8144 0.5079 1.1751 0.4407 

0.95 
P5 2.7185 0.8755 1.4135 0.5020 0.3785 0.6872 0.4349 1.6734 0.4054 

P6 3.8387 1.0614 1.6751 0.5593 0.3860 0.7530 0.4601 2.2541 0.4239 

0.99 
P5 14.3758 3.8963 5.4482 2.8161 0.7774 0.4529 0.4332 8.8957 0.6269 

P6 21.4196 5.2274 7.4239 2.6308 0.9041 0.5061 0.4381 13.2737 0.6521 

250 

0.8 
P5 0.4684 0.2425 0.6515 0.1740 0.2409 0.6978 0.3713 0.3484 0.2990 

P6 0.6067 0.2957 0.9077 0.1922 0.3024 0.8365 0.4808 0.4507 0.3900 

0,9 
P5 0.9953 0.4108 0.8095 0.2422 0.2806 0.7148 0.4039 0.6817 0.3368 

P6 1.2397 0.4749 0.8914 0.2594 0.3415 0.8217 0.4937 0.8356 0.4199 

0.95 
P5 1.9988 0.6814 1.1652 0.3829 0.3210 0.6593 0.3888 1.2577 0.3525 

P6 2.5455 0.8113 1.3474 0.4300 0.3285 0.7744 0.4480 1.5805 0.3879 

0.99 
P5 10.6428 2.8765 4.0386 1.8822 0.5850 0.4465 0.3608 6.0543 0.4921 

P6 14.0437 3.6615 5.2863 1.8841 0.6025 0.5543 0.3940 8.1619 0.4920 

300 

0.8 
P5 0.3884 0.2125 0.9185 0.1581 0.2271 0.6639 0.3415 0.2973 0.2780 

P6 0.5511 0.2701 1.4256 0.1767 0.2823 0.7966 0.4474 0.4114 0.3659 

0.9 
P5 0.8046 0.3458 0.8087 0.2116 0.2628 0.7029 0.3900 0.5597 0.3203 

P6 1.1421 0.4333 0.7841 0.2337 0.3050 0.7887 0.4499 0.7660 0.3782 

0.95 
P5 1.6083 0.5546 0.9556 0.3175 0.3013 0.6497 0.3789 1.0052 0.3375 

P6 2.4319 0.7680 1.3087 0.3739 0.3077 0.7335 0.4052 1.5117 0.3548 

0.99 
P5 8.5604 2.2965 3.2985 1.6024 0.4759 0.4506 0.3249 4.6604 0.4046 

P6 13.3230 3.4459 5.0080 1.6875 0.4859 0.5273 0.3344 7.7822 0.3986 

Bold values show the smallest MSE 

In Table 2 is the estimated MSE values when n is 200, 250 and 300 for explanatory variables, p=5 and 6 it can be observed 

that the LYC with the biasing parameter k of the median version gives the lowest MSE when the multicollinearity level ρ= 0.8 

and 0.9, likewise for when ρ= 0.95 its seen that the LYC with the biasing parameter k of the arithmetic mean version gives the 

lowest MSE and when ρ= 0.99 its seen that the LYC with the biasing parameter k of the Maximum version gives the lowest 

MSE. 

 

Table3: Estimated MSE for different estimator when p=9 and 10 

      MLE LRR LYC LYCMED LYCAM LYCHM LYCMAX LYCMIN LYCMR 

800 

0.8 
P9 0.3417 0.1878 0.1821 0.1397 0.2014 0.8273 0.3675 0.2725 0.2937 

P10 0.3792 0.1991 0.2160 0.1432 0.2098 0.8773 0.4158 0.2961 0.3280 

0.9 
P9 0.7358 0.3092 0.1933 0.1907 0.2378 0.8591 0.4361 0.5263 0.3497 

P10 0.8318 0.3295 0.6946 0.1929 0.2710 0.8986 0.4932 0.5817 0.4019 

0.95 
P9 1.5571 0.5153 0.9953 0.2796 0.2500 0.8421 0.4326 1.0094 0.3522 

P10 1.8180 0.5708 1.1537 0.2883 0.2861 0.8821 0.4858 1.1771 0.4064 

0.99 
P9 8.5245 2.0855 3.2954 0.9461 0.2717 0.7163 0.3344 5.0472 0.2955 

P10 9.9631 2.3190 3.6313 0.9558 0.2882 0.7667 0.3714 5.8876 0.3271 

900 

0.8 
P9 0.2841 0.1687 0.8738 0.1342 0.1727 0.7936 0.3180 0.2320 0.2514 

P10 0.3258 0.1833 0.3565 0.1411 0.1981 0.8583 0.3804 0.2599 0.3015 

0.9 
P9 0.6200 0.2810 0.2457 0.1879 0.2377 0.8452 0.4257 0.4541 0.3442 

P10 0.6912 0.2909 0.1923 0.1835 0.2294 0.8890 0.4614 0.4912 0.3642 

0.95 
P9 1.2866 0.4574 1.7676 0.2558 0.2494 0.8369 0.4351 0.8609 0.3567 

P10 1.4883 0.4886 1.7130 0.2607 0.2592 0.8797 0.4716 0.9635 0.3838 
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0.99 
P9 7.1335 1.7859 2.9241 0.8173 0.2464 0.7161 0.3262 4.2664 0.2836 

P10 8.3093 1.9836 3.1485 0.8233 0.2613 0.7709 0.3639 4.9146 0.3124 

1000 

0.8 
P9 0.2530 0.1541 131.8577 0.1250 0.1581 0.7633 0.2838 0.2073 0.2267 

P10 0.2973 0.1722 90.8400 0.1343 0.1764 0.8380 0.3434 0.2409 0.2697 

0.9 
P9 0.5497 0.2548 38.5145 0.1719 0.2241 0.8338 0.4064 0.4043 0.3278 

P10 0.6513 0.2848 31.8431 0.1812 0.2458 0.8691 0.4460 0.4712 0.3645 

0.95 
P9 0.2530 0.1541 131.8577 0.1250 0.1581 0.7633 0.2838 0.2073 0.2267 

P10 0.2973 0.1722 90.8400 0.1343 0.1764 0.8380 0.3434 0.2409 0.2697 

0.99 
P9 0.5497 0.2548 38.5145 0.1719 0.2241 0.8338 0.4064 0.4043 0.3278 

P10 0.6513 0.2848 31.8431 0.1812 0.2458 0.8691 0.4460 0.4712 0.3645 

Bold values show the smallest MSE 

In Table 3 is the MSE values for n at 800, 900 and 1000 for explanatory variables, p=9 and 10 it can be observed that the LYC 

with the biasing parameter k of the median version gives the lowest MSE when the multicollinearity level ρ= 0.8 and 0.9, 

likewise for when ρ= 0.95 its seen that the LYC with the biasing parameter k of the arithmetic mean version gives the lowest 

MSE for both sample sizes 800 and 900. But when n =1000 its seen that the LYC with the biasing parameter k of the Median 

version gives the lowest MSE. 

Real Life Data 
   Pena et al [29] used a logistic model to investigate the effects of temperature, pH, and soluble solids content on the response 

of Alicyclobacillus growth likelihood in apple juice. The matrix's eigenvalues are 13464.7990, 1715.9257, 56.5515, and 

3.5445. As a result, the condition index (C.I) is 61.6342, indicating that multicollinearity exists in the model. Table 4 shows 

the estimated regression coefficient values from each estimator, as well as the accompanying mean squared error. 

When there is multicollinearity, the ML estimator performs the least well, as expected. The selection of k and d (as shrinkage 

parameters) determines the efficiency of biased estimators. All of the proposed estimators performed admirably, and one of 

them has the minimum mean square error, which corresponds to the simulation outcome. 

 

Table 4: Regression coefficients and MSE 

 0̂  1̂  2̂  3̂  4̂  SMSE 

ML̂  -7.24633 1.885951 -0.06628 0.110422 -0.31173 21.3513884 

LRE̂  -2.4E-06 0.008038 -0.02442 0.015783 -0.01186 0.28340673 

LYC̂  8.57E-05 0.004176 -0.02095 0.01126 -0.0053 0.28280132 

LYCMED̂  -0.00629 0.2343 -0.03332 0.042609 -0.1491 0.13778692 

LYCMIN̂  -7.11297 1.86508 -0.06581 0.109188 -0.3117 20.5909074 

LYCMAX̂  -6.2E-05 0.01115 -0.02575 0.018235 -0.01707 0.20795783 

LYCMR̂  -0.00029 0.022397 -0.0278 0.023823 -0.03289 0.14054511 

LYCHM̂  8.33E-05 0.002112 -0.01649 0.006978 -0.00223 1.43890463 

LYCAM̂  -0.00055 0.0406 -0.02908 0.029073 -0.05205 0.12388644 

 
Conclusion 
  

    In this paper we were able to recommend some LYC estimators in estimating the biasing parameter k, in which both Monte 

Carlo study and real life data was used to investigate the performance of these estimators. The MSE criterion was used in 

evaluating the performances of the estimators to know the best among them. In the simulation study it was seen that at small 

samples sizes (20, 30 and 40) and number of explanatory variable say, p= 2 and 3 the biasing parameter k with the Harmonic 

version has the lowest MSE at almost all degree of correlation. Likewise for sample size (200, 250 and 300) with number of 
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explanatory variable say, p= 5 and 6 and the degree of correlation is low the biasing parameter k with the median version has 

the lowest and when ρ is high biasing parameter k with the Arithmetic mean and maximum version is the best option to use. 

Also when sample size (800, 900 and 1000) with number of explanatory variable say, p= 9 and 10 and the degree of 

correlation is low the biasing parameter k with the median version has the lowest and when ρ is high biasing parameter k with 

the Arithmetic mean is the one with lowest MSE. In addition, from the numerical example the biasing parameter k with the 

arithmetic mean and the median version has the two lowest MSE respectively.  

Recommendations 
    Hence, based from our findings both in simulation and numerical examples we thereby recommend to researchers and 

scholars, when having the issue of multicollinearity in logistic model, let the LYC (biasing k with the version of Arithmetic 

mean, Harmonic mean and the Median version) estimator be used. 
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 وتذانغ في نموذج الانحدار اللوجدتي.أداء بعض مقدرات يانغ 
 

 3أيشجي .و ك 2أو ألابي .أو 1أو. ج. أولادابه

قدم الإحراء، الجامعة الفيجرالية لمتكشهلهجيا، 2،3 ،قدم الإحراء، جامعة لادوك أكيشتهلا لمتكشهلهجيا، أوغبهمهسه، ولاية أويه، نيجيخيا1
 أكهري، نيجيخيا

 
( دائسًا إحجى الطخق الذائعة الاستخجام لتقجيخ معمسات الشسهذج. ومع ذلك، يتم MLطخيقة الاحتسالية القرهى ) في نساذج الانحجار المهجدتي، تكهن  الخلاصة:

( الحي تم الحرهل MSE) الخطأ مخبعالحرهل عمى تقجيخات السعمسات غيخ السدتقخة نتيجة لسذكمة العلاقة الخطية الستعجدة ولا يسكن أيزًا الاعتساد عمى متهسط 
( هه واحج مشهم. وبالسثل، فقج LYCلقج تم اقتخاح العجيج من السقجرين الستحيدين لمتعامل مع مدألة العلاقة الخطية الستعجدة، ومقجر يانغ وتذانغ المهجدتي )عميه. 

وتم  LYCحشا سبعة مقجرات متحيدة لـ جعمشا البحث نفهم أن معمسة الانحياز لها تأثيخ أيزًا عمى قيسة السذخوعات متشاهية الرغخ والرغيخة. في هحا البحث اقتخ 
تتفهق في الأداء عمى  LYCأيزًا. تظهخ نتيجة دراسة السحاكاة أن مقجرات  Penaإخزاعهم جسيعًا لجراسات محاكاة مهنت كارله وتم استخجام مجسهعة بيانات 

 الحقيقية يتهافق أيزًا مع نتائج السحاكاة. Penaبيانات  ( ونهج التعمم الآلي. علاوة عمى ذلك، فإن التطبيق عمى مجسهعةLRRانحجار المهجدتي ريجج )
 .MSE، محاكاة، أقرى احتسال، السقجرون الستحيدون ، متعجدة الخطية، الانحجار المهجدتي الكلمات المفتاحية:

 

 

 
 

 

 

 


